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Reading

e Section 26 and 27 of [Shalev-Shwartz and Ben-David, 2014].

1 Setup

Let z = (z,y),n(2) = £(h(x),y), and
= 0

be the empirical risk and population risk, respectively. Let H be a hypothesis class. Consider the estimator:

hy, = argmin R(h).
heH

This type of estimator ensures that R(h,, ). But our question is: How small is the true error R(h,,)?
For any h € H, consider the decomposition:

R(h) = 3@ +R(h) — R(h),

N——
training error gen-gap
where the generalization gap satisfies
- 1
gen-gap(h) := R(h) — R(h) = E.[¢,(2)] — - Zﬁh(zi). 2)

One may expected that gen-gap(h) = O(1/y/n). By concentration inequality, this is true for A that is
independent of training data (z1, .. ., 2, ). However, our task is bound of gen-gap of h,,:

gen-gap(n) = E.[4; (2)] = Y3 ().

Note that &, depends on (21, ..., z,) and hence {/ i, (zi)} are not i.i.d. . Consequently, gen-gap may not

be in the order of O(1/4/n). In fact that gen-gap(h,,) can be arbitrarily large if h is complex.



2 Uniform bounds

To deal with the dependence issue, we can consider the uniform bound

[R(hn) — R(hn)| < sup [R(h) — R(h)|. 3)
heH

Obviously, when the hypothesis space # is sufficiently “small”, e.g., the extreme case: H = {h}, itis

expected that

N 1
sup [R() —~ R(k)| ~

Some natural questions go as follows.
* What kind of H can guarantee the smallness of uniform bound?
» What is the rate? Do we still have O(1//n)?

Let us first look at a simple example: finite hypothesis class.

Lemma 2.1 (Finite class). Let H be a collection of finite hypotheses and denote by |H| the number of
hypotheses. Assume sup,, ., |€(y,y')| < 1. For any § € (0,1), with probability 1 — & over the random
sampling of training set S, we have

L [21n(2|H]/5)
225|R(h) R <\ ———

Proof. WLOG, suppose H = {hi,...,hn}. Let z = (z,y) and Qp(z) = ¢(h(x),y). Taking the union

bound gives us
> t} “)
72nt2 —nt2

P{sup 237 QUh,20) ~ BL[Q(h, 2)] > t} < ZP{ S Qb =) ~ EolZ (s, 2)]
i=1 Jj=1
m2e 22 =2me 2 |, (&)

=1

heH

IN

—_n 2
where the last step follows from the Hoeffding’s inequality. Let the failure probability Ime 3 = 0, which

leadsto ¢t = M.

n

O]

We see that the upper bound only depends on the cardinality of hypothesis class |#| logarithmically.
This implies that even when the hypothesis class has exponentially many functions, the generalization gap
can be still well controlled.

Definition 2.2 (Empirical process). Let F be a class of real-valued functions f :  — R where (2, %, u)
is a probability space. Let X ~ pand X, ..., X,, be independent copies of X. Then, the random process
(X¢) fer defined by

Xp= 13 f(%) - BA(X)
i=1

is called an empirical process indexed by F.



In our case, f(Z) = ¢(h(X),Y). Our task is to bound the supremum:

sup | X¢|.
fer

Note that the above quantity can viewed a “weak” distance between p and the empirical measure i, =
LS 1 8(- — ;) with the test functions given by F:

dF(fin, 1) == sup |E, f—E, f|.
feF

3 Covering number

For the finite hypothesis classes, we have shown that log ||, i.e., the logarithm of cardinality, can be used
as a good complexity measure. Then, a natural question is: can we do similar arguments for the case where
|F| = c0? One possible approach is discretization. This means that we choose a finite subset F. C F to
“represent” F.

Definition 3.1 (Covering number). Consider a metric space (7', p).

e We say T. C T is an e-cover (also called e-net) of T, if for any ¢ € T, there exists a t' € T. such that
p(t,t') <e.

* The covering number N (T, p, €) is defined as the smallest cardinality of an e-cover of 7" with respect
to p.

Definition 3.2 (Metric entropy). The metric entropy of T is defined by log N (T, p, €).

Theorem 3.3. Let F be a function class with supscr e x | f(2)| < B. Let || f — glloo = sup,ex [f(7) —
g(z)|. Then, for any § € (0,1), w.p. at least 1 — § over the sampling of X1, Xa, ..., X,, we have

<4 B\/IOgN(]:’ |- loo, &) + log(2/0)

L3 (%)~ EF(X)
i=1

sup
feF

n

Proof. Let F. be an e-cover of F. For any f € F, let f’ € F. such that || f — f'||coc < . Then, we have
1« 1 <
/
n;f(Xi) - nz;f (Xi)
1= 1=

> ) ~ Bl (X)

<

L")~ E[F(X)
=1

- +|E f1(X) = E[f(X)]].

Taking the surprimum with respect to f € F gives

1 — 1, ,
sup n;f(Xi)_E[f(X)] §26+f§1€1% n;f(Xi)_E[f (X)]‘
< oy 20/ SIZ8)

where the last step uses the uniform generalization bound of finite class. Notice that |F.| < N(F,| -
locs €)- O



Example: Lipschtiz models Let f : X xRP — R be our model. Here p denotes the number of parameters.
Assume that f is L-Lipschtiz in the sense that sup,, |f(x;61) — f(xz;602)| < Lp(01,02).

Let F = {f(z;0) : 6 € Q} be the function class. Let §2. be an e-cover of {2 with respect to the p metric.
Then,

1f(501) = f(:302)[lo0 < Lp(61,02)
implies that 7. = {f(-;0) : 6 € Q. } is an e-cover of F. Hence, we have

N(F, |- llsor€) S N (@, ). ©

Linear class. Consider the linear class:
H={wle:|wlly < 1, o] < 1}

Then,
sup |wa — vTac] < ||lw — v sup ||z|| < [Jw — v]|o.
X X

Let By(r) = {x € R?: ||| < r} be the ball of radius 7. Then, (6) gives
NH | - lloor €) S N(Ba(1), || - [l2, €)-

The above examples demonstrate that one can reduce the estimation of covering number of a function
class to the covering number of a subset in Euclidean space. The latter is often easier to estimate and given
below is an example.

3.1 Volume argument for estimating covering number

To help the estimation of covering number, we introduce the packing number.

Definition 3.4 (Packing number). Consider a metric space (T, p). T. C T is said to be e-separated if
p(z,y) > ¢ forany x,y € P and = # y. The packing number is defined as

P(F,p,e) = sup |T¢|

Te CT is e-separated
Lemma 3.5. N (T, p,e) < P(T,p,e).

Proof. Let I be the maximal e-separated subset. Then, we claim that 77 is also an e-cover of T, i.e.,
T C Uger, Bx(€). If not, there exists a y € T such that d(y, z) > ¢ for any x € T;.. Hence, T. U {y} is also
e-separated, which is contradictary with the assumption. O

Lemma 3.6. (1/¢)¢ < N(B%(1),] - |l2,€) < (1 +2/¢)<.
The proof follows from a volume argument.

Proof. Lower bound. Let N. be an e-cover of B%(1). Then, B(1) C Uen. BZ(g). Therefore,

Vol(B(1)) < > Vol(Bi(e)) = |N|Vol(B(e)).
rEN,



Hence,

(6] d I
N(BY, || - ll2,) = |N.| = m - @

Upper bound. Let P. C B%(1) be e-separated. Then, by definition of packing, we have

Usep. Bi(/2) C BY(1+¢/2) = ) Vol(Bl(£/2)) < Vol(B(1 +£/2)).
z€P:

Let Cyr® be the volume of a ¢, ball of radius 7. Then,

IP.|Ca(e/2)" < Cal1+2/2)" = |Po| < (1+2/¢)".
Then, the upper bound follows from Lemma 3.5. 0
Remark 3.7. It should be remarked that the above volume argument can be applied to estimate the covering
number of other classes and different metrics.
4 Rademacher complexity

The following inequality

Lemma 4.1 (Symmetrization of empirical processes).

E sup Zf X)| <2Esup[— Zﬁz

feF ferF

where &1, ..., &y, are i.i.d. Rademacher random variable: P({ =1) =P({ = —1) = 5

Proof. Let X! be an independent copy of X;. To simplify the notation, we use Ex, and E x to denote the
expectation w1th respect to { X;}I" | and {X/}" ,, respectively. Then,

Bsup(l 3~ (X))  BS(X)] = Bx,sup Exg[1 S (F(X0) - £(X0) a
€ i=1 i=1
< By, ysup[= S (F(X0) = F(XD) ®)
f Fn =1

Due to that f(X;) — f(X]) is symmetric, for any {¢;} € {£1}", we have
I 1o
Ex, x: 18016133__[5 ; (X)) = f(X))] = Ex, x; SUP Lo Zfz’[f(Xz‘) — f(X7)]
=Ex, x/¢ Sup Z Glf(X:) — f(XD)]

<Ex, xrel Sup Zéz ) + iup Z —&f(X))]



1 n
=2Ex, ¢ sup — & (X
gfe]-‘n; if (Xi)

O]

Definition 4.2 (Rademacher complexity). The empirical Rademacher complexity of a function class F on
finite samples is defined as

— 1 &
Rad,(F) = Ef[;?gﬁiﬁ ;&‘f(Xi)]-

The population Rademacher complexity is given by
Rad,(F) = Eg[Rad,(F)).

The symmetrization lemma 4.1 implies that

E sup
fer

< 2Rad,(F). 9)

LS Fx) —Ef(X)
=1

n “—

Theorem 4.3. Assume that 0 < f < B forall f € F. Forany § € (0, 1), with probability at least 1 — §
over the choice of the training set S = { X1, ..., X,,}, we have

< 2Rad,(F) +B,/21°gn(2/5), (10)

sup
feFr

LS F () —Ef(Y)

n -
=1

and the sample-dependent version:

n

o i;ﬂxi)—EﬂX) < 2Rad,(F) + 18 2B (an
Proof. Let
1 n
G(x1,...,xn) = ;1612 [n;f(x,) —Ef(X)

Let X1,..., X beacopy of Xi,..., X, with only X; # X for i € [n]. Then, we have

G(Xy,...,Xn) — G(Xy,...,Xp)

3

n

—sup(S 37 F(X0) — E£(X)) - sup(~ 3 £(X0) — E (X))
fer i fer i

< sup (jl S ~EF(X) - (jl > - Ef(X)>>

€ i=1 i=1

<sup - (70x) - f(%)) < 2.

JeF n
Similarly, we have

G(Xl, ,Xn)—G(Xh ,Xn) > —%.



Therefore, the variation satisfies

| DiGlloo := sup |G(X1, ..., X,) — G(X1,...,X,)| < 2B/n,
X, X
where X = (X'l, = X,)and X = (X3, ..., X,) are different for only the i-th component.
Therefore, 0% = 1 Y1 | | D;G||% < B . By McDiarmid’s inequality,

2

P{|G(X1,...,Xn) —EG| >t} < 2¢ 252,

w. Restating the above inequality

2
Let the failure probability 26_% = ¢, which leads to t =
gives the bound (10).
Analogously, we can applying McDiarmid’s inequality to the Rademacher complexity Q (z1, ..., %)
E¢sup e r [% Sor&f (J:Z)] , which leads to the sample-dependent bound (11).

O

Examples.

* Let F = {f}. Then,
Rado(F) = Eel,- & (wi)] = 0
=1

* Two functions. Let F = {f_1, f1} where f_1 = —1and f; = 1.

Rad,(F) =E = = Ey Z \[
vnRad,, (F) gfe{ P IZS §|\f25’_> zNO | Z] =

Hence, when n is sufficiently large,
2
Rad, (F) ~ 1/ —.

nm

Remark: This implies that it is impossible to obtain a rate faster than O(1/+/n) using Rademacher
complexity since it saturates even for learning/distinguishing two constant functions. This is a bad
news!

Lemma 4.4 (Massart’s lemma). Assume that sup,cy rer |f(2)| < B and F is finite. Then,

—— 21
Rad,(F) < By 22elF].
n
Proof. Let Zy =" | & f(x;). Then,
- . B))2 nB?
AZp) = Afzf(ﬂh < log . i f (X < 2 ( _ 2
log E[e*“/] = log (il:[lE[e ) ; ogEe Z)\ 5 A7,

where (i) follows from the Hoeffding’s lemma, which provides an upper bound of the log-moment generat-
ing functions of a bounded random variable. Hence, Z is sub-Gaussian with the variance proxy 0% =nB2.
Using the maximal inequality, we have

_— 1
Rad, (F) = —Eg[supi o VnB+y/2log|F| =
fer

2log | F|
_— 12
o (12)

O

|



Applying Massart’s lemma to bound the generalization gap recovers Lemma 2.1.

Linear functions. Let F = {w”z : ||w||, < 1}. Let ¢ be the conjugate of p, i.e., 1/q + 1/p = 1. Then,
n

_ 1 1 — 1 —
Rad,, E = wl X; = = X | = Ee || = Xillo. 13
0,7) =5 s L3S o o (36 ) <Rl 36l 03

Jwlp<1 ™ [wllp<1

Lemma 4.5. Assume that ||x;||q < 1 for all x; € S. Then,

e Ifp =2, then
Rad, (F) < %
e Ifp =1, then,
Rad, (F) < 21"%1(2‘1).

Proof. For the case where p = 2,

— 1 ¢ 1 ¢
Radn(F) < Bell ) &imilla <\ Bl ) &iail
1= 1=

The case of p = 1 leaves to homework. ]

We have shown the Rademacher complexity of linear functions. To obtain the estimates of more general
classes, we need follow results.

Lemma 4.6 (Rademacher calculus). The Rademacher complexity has the following properties.
* Rad,,(AF) = [A| Rad,,(F).
* Rad,(F + fo) = Rad,,(F).

 Let Conv(F) denote the convex hull of F defined by
Conv(F) = {Zajfj toy > O,Zaj =1f1,....fmEeF,me N+}.
j=1 j=1

Then, we have Rad,,(Conv(F)) = Rad, (F).

Proof. Here, we only prove the third result. By definition,

nﬁin(COnv(}")) = sup Z &i Z a; fi(Xi)

f]efuanl 1



sup Za] Zfzfj

ngf lledli=1

= E sup mangf]

rier J 4

= Esup &Gf(X;) = nRad F
Y -

The third property suggests that convex combinations does not change the Rademacher complexity.

Lemma 4.7 (Ledoux & Talagrand 2011, Contraction lemma). Let ¢; : R — R with¢ = 1,...,n be
B-Lispchitz continuous. Then,

ng ?ungz% o f(x;) < BRad,(F).
i=1

Proof. WLOG, assume 3 = 1. Let £ = (&1,...,&n) and Zi(f) = Zle &wio f(x;). Then,

Jgup Z&% o flai) =+

sup(Zn—1(f) + ¢n o f(zn)) +sup(Zn-1(f) — ¢n o f(mn))]

2 |jer feF
=5 300 (Zur (1) + Zuca(£) + 000 @) = pno f'(@2)
hLf'er
<5 50 (Zaa(9)+ Zualf) + 11 (on) = £
=5 sw  (Z0ma(0) + Zuca(#) + (@) = £/(@))) - (Use the symmetry)
VS
= % sup(Zn—1(f) + f(xn)) + sup(Zn-1(f) — f(xn»]
feF feF
= ]Eﬁn ;gg(zn—l(f) + gnf(xn))

Hence, by induction, we have

Ee[sup Zn(f)] < Eg sup(Zn-1(f) + &uf ()
feF fe}‘

< Eg SUP(Zn—Z(f) + §n—1f($n—1) + fnf(wn))

feFr

< IE sup(&if(z1) + -+ & f(zn))

fe]-'
= nRadn(]:). (14)

Corollary 4.8. Given a function class F and ¢ : R — R, let po F = {po f: f € F}. Then,
Rad,, (¢ o F) < Lip(p) Rad, (F).



Rademacher complexity of neural networks. In the following, we provide an example showing the
power of combining the contraction lemma with Rademacher calculus. They together can bound the
Rademacher complexity of many complex models.

Consider two-layer neural networks. Suppose the activation function o : R — R is oy,-Lipschitz
continuous. Let

Fm =X fm(z;0) = Za] w Z|aj|§A,||ij2§B

J
be the collection of two-layer neural networks f,(+; ).

Lemma 4.9. Suppose ||z;||2 < 1fori=1,...,n. Then, we have

— 201inAB
Rad, (Fn) < %.

The above lemma implies that Rademacher complexity only depends on the parameter norm, indepen-
dent of the network width. This implies that the capacity of over-parameterized networks can be well-

controlled by enforcing a constraint on a appropriate parameter norm. It is worth noting that for different
networks, we may need to identify the appropriate norm of parameters.

Proof.

@n(fm) = EEg fsel.? Zf x;)&
moi=1

1 m

= —E; supii Zaja(w;fmi)
noeeeiT o
1 m n

= —Eesup Y a; Y &Gajo(w!z)
n é06(9; ]; R

m n

< — E¢sup a;l| sup Lo(w' x
n "ty @Z;‘ i w<Bz; (v z)

J 7
(4)
SA E¢ sup Zéz o(w J?Z)

o wlI<B i
—A Ee | sup (&wTz; ) +A Eg (— sup o(&w a:z)>
<||w||<B; w<B;

(i1)
<2A E¢ (sup Z (&w 331)

lwl<B =1
7%121401113 ( sup Zglw xz)

lwl<B 3=

$2 ULipAB7
_— ﬁ

10



where (i) is due to >, |a;| < A; (ii) use the symmetry of &;; (é44)follows from the contraction property
(Lemma 4.7); (iii4) follows from Lemma 4.5. O

S Bounding Rademacher complexity using covering number

Consider the function space (F, L?(P,)), where F is the hypothesis class and L?(IP,,) is defined by

15 = Fllzsen = y| = So(F() — Fa)?,

i=1

where 1, ..., x, denote the finite training samples. Since only the n samples are available, we can really
think of these functions as a n-dimensional vector:

f=(f@r), flaa),..., flzn)" €RT,

Obviously, we cannot distinguish functions using information beyond these n-dimensional vectors.

Example 1. Let F = {f : R~ [0,1] : f is non-decreasing}. Then, N'(F, Lo(P,,), ) = n'/e.

Proof. WLOG, assume —00 = x9 < 21 < 29 < -+ < 2, < xpq1 = 1. Forany y = (y1,%2,...,Yn) €
R™, define a piecewise constant function

fy(x):yl forz € [xiaxi—i-l)v = 1,2,...,7'L.

Foranye € (0,1),let Yz = (0,¢,2¢,3¢,...,1—¢). Then, |Yz| < 1/e. Define the following non-decreasing
set:
Se:={yeR" :y;cYoandy; <y1 <--- <yn}.

Let 7. = { f, : y € Sc}. Obviously, F. C F. Moreover, for any f € F, there exists y € S such that

n

1

If = ol e = - > (fla) —yi)® <&
i=1
Hence, F. is an e-cover of F and |F.| = |S:|. What remains is to count the cardinality of |S.|. Let

Yo = 0,yn+1 = Land A; = (y; — yi—1)/e. Then, {Ai}?jll must be non-negative integers and satisfy

1
A1+A2+---An+1:g-

Hence,

S:| is equal to the number of solutions of the above equation:

|Se| = <n—7i;i> - (n+%)(n+%_1)"’(n+1) <n%.

OE-n-1

11



In the following, we show that the Rademacher complexity can be bounded using the metric entropy.
To simplify notation, we use || - || and (,) to denote L2(PP,,) norm and the induced inner product: (f, g) =
% 2?21 f(x;)g(z;). Then, N
Rad,(F) = Esup(¢, f).
feF

Proposition 5.1 (One-resolution discretization). Suppose sup,¢cy rer |f(2)| < B. Then,

n

Rad, (F) < inf ( 1y BN L2<Pn>,e>> |

The above bound is similar to Theorem 3.3. The difference is that the above bound is determined by the
L?(IP,,) covering number, while Theorem 3.3 relies on the L> covering number. Technically speaking, this
improvement is obtained by removing the E f(X) term with symmetrization.

Proof. Let F. be an e-cover of F with respect to the metric L?(P,,). For any f € F, let 7(f) € F. such
that || f — w(f)|| < e. Then,

Esup(¢, f) = Esup |(, f (/) + (&, 7(f)
fer

feF
S ESUp(&a f - 7T(f)> + E sup(ﬁ,w(f))
feF feF

<E|¢lllf — 7(£)| +E sup (€, £)
feFe

E €113

n

2log |.F.
<e+ B M, (Massart’s lemma).
n

<e + ﬁa\dn (Fe) (Jesson’s inequality)

Using the definition of covering number and optimizing over €, we complete the proof. U

For the non-decreasing functions considered previously, we have

1/3
Rad, (F) < inf (5+ 21°g”> e <1°g”) . (15)

En n

This rate is slower than the expected O(1/4/n). Is it because non-decreasing functions are complex? No! It
is actually just an artifact caused by the proof technique.

In many cases, the one-resolution discretization may give us sub-optimal bounds of generalization gap.
To fix this problem, we need a sophisticated analysis of all the resolutions. This is typically done by using a
chaining approach introduced by Dudley.

Theorem 5.2 (Dudley’s integral inequality). Let D = supy pre 7 || f — 'l 12(p,,) be the diameter of F. Then,

_ b ~
Rad, (F) <12 inf <a+/ \/log/\/'(}",L (Pn),¢) dg) .
a< o n

12



Then, for the for non-decreasing functions, we have

2
Rad, (F) < / logn 4, <, [loen
0 ne n

Figure 1 visualizes the difference between the upper bound given in Proposition 5.1 and the one in Theorem
5.2. Clearly, the latter is smaller.

One resolution Chaining
log N (F || [ln:6)
" 1 lOgN(‘F7||'Hmt)
\ . [y /el g

Figure 1: (Left) The result of one-resolution analysis; (Right) The result of chaining with all resolutions. In this case,
the diameter D = 1. The comparison of two figures provides a visual illustration of how the chaining bound is tigher
than the one-resolution bound.

Proof. Lete; = 277D be the dyadic scale and F; be an ¢-cover of F. Given f € F, let f; € F; such that
|| fi — fll < ¢;. Consider the decomposition

f=1—fm+ Z — fi1) (16)
j=1
where fo = 0. Notice that
* Nf = fmll < em.
= fiall S Wf5 = fIIHIf = fimall S &5 +¢j-1 < 3ej
Then,

Rad,,(F) = Esup(¢, f)
feF

feF

=Esup | (& f — fm) +Z§fj—fj—1>
J=1
m E , P .
<éem+ ?gg;@ fi = fi-1)

<éem+ ZESUP<fvf] - fjfl>
j=1 feF

13



=em+ Y E sup (& fi = fi-1)

j=1 Ji€Fifi-1€Fj—1

=E&m + Zﬁa\dn(]:] U fj_l).
j=1

Using the Massart lemma and the fact that sup ez, prer, | [fj — fi-1ll < 3ej.

21
Rad.,( <sm+23 \/ o875l 7-1D)

n

[log | F;|
<8m+26 0g|

1 F,I2(P,), ;i
_fm+§:m ey [BVE LS

n

Taking m — oo, we obtain

mwﬂgg/¢MNw5mmut
0

Similarly, we can obtain that

— 2
Rad, (F) < mf <a+/ \/long L2(Py,), )dt)

The key ingredient of proceeding analysis is the multi-resolution decomposition (16). The technical
reason why chaining provides a better estimate is as follows. In the one-resolution discretization, we apply
Massart’s lemma to functions whose range in [—1, 1], whereas in chaining, we apply Massart’s lemma to
functions whose range has size O(¢;).

Remark 5.3. Metric entropy is actually a more intuitive complexity measure than Rademacher complexity.
The essence is discretization and applying Massart’s lemma. Moreover, metric entropy is sometimes more
convenient to estimate.
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