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Definition 1.1

��lRn�R��K¼ê‖ · ‖¡�Rnþ��þ�ê. XJk
(1) �½5: ‖x‖ ≥ 0,�‖x‖ = 0 ⇔ x = 0¶
(2) àg5: ‖αx‖ = |α|‖x‖,∀α ∈ R, x ∈ Rn

¶

(3) n�Ø�ª: ‖x + y‖ ≤ ‖x‖ + ‖y‖, ∀x, y ∈ Rn.

∣∣∣‖x‖ − ‖y‖∣∣∣ ≤ ‖x − y‖ ≤ max
1≤i≤n

‖ei‖

n∑
i=1

|xi − yi|.

dd�, ‖ · ‖´Rnþ�ëY¼ê.



½½½nnn:
�V´ê�Rþn��5�m, ‖ · ‖αÚ‖ · ‖β´Vþ��ê,K�3�
~êC1ÚC2¦�

C1‖v‖β ≤ ‖v‖α ≤ C2‖v‖β ∀v ∈ V.

yyy²²²: �ξ = [ξ1, ξ2, · · · , ξn]´V���Ä.éVþ�?¿�ê‖ · ‖,
½Âφ : Rn

→ R

φ(x) = ‖ξx‖ ∀x ∈ Rn.

´yφ(x)´Rnþ�KëY¼ê§��φ(x) = 0�kx = 0. Ï

φ(x)3ü ¥¡Y = {x : ‖x‖2 = 1, x ∈ Rn

}þk�����.AO
/,é�ê‖ · ‖α,��Ú���©O�Dα

max ÚDα
min;é�ê‖ · ‖β,

��Ú���©O�Dβ
max ÚDβ

min. é?¿�"�þv,�
3x ∈ Rn¦�v = ξx = ‖x‖2ξ x

‖x‖2
. Ïd§

C1 :=
Dα

min

Dβ
max

≤
‖v‖α
‖v‖β

=
‖ξ x
‖x‖2
‖α

‖ξ x
‖x‖2
‖β
≤ C2 :=

Dα
max

Dβ
min



~^�þ�ê´p�ê(Hölder�ê)

‖x‖p = (|x1|
p + · · · + |xn|

p)
1
p , p ≥ 1

‖x‖1 = (|x1| + · · · + |xn|) → 1�ê

‖x‖2 = (|x1|
2 + · · · + |xn|

2)
1
2 =
√

xTx → 2�ê
‖x‖∞ = max

1≤i≤n
|xi|, →∞�ê

�ê�d(��)

‖x‖2 ≤ ‖x‖1 ≤
√

n‖x‖2
‖x‖∞ ≤ ‖x‖2 ≤

√
n‖x‖∞

‖x‖∞ ≤ ‖x‖1 ≤ n‖x‖∞



Theorem 1.2 (
Ø�ª)

b�aÚb��K¢ê§p > 1§� 1
p +

1
q = 1§K

ab ≤
ap

p
+

bq

q
,

�Ò¤á��=�ap = bq.

yyy²²²µµµeb = 0,KØ�ªw,¤á. eb , 0,-t = ap

bq , γ = 1
p ,K

Ø�ªC¤

tγ ≤ γt + 1 − γ.

-f (t) = tγ − γt,Kf ′(t) = γtγ−1
− γ. �t > 1�§f ′(t) < 0, f (t)üN

4~;�t < 1�§f ′(t) > 0, f (t)üN4O.Ïd§

f (t) ≤ f (1) = 1 − γ

=

tγ ≤ γt + 1 − γ.

y..



Theorem 1.3 (HölderØ�ª)

|xTy| ≤ ‖x‖p‖y‖q
1
p
+

1
q
= 1, p ≥ 1.

yyy²²²µµµØ��xi ≥ 0, yi ≥ 0( i = 1, · · · ,n). �X =
n∑

i=1
xp

i ≥ 0,

Y =
n∑

i=1
yq

i ≥ 0. �XY = 0�,Ø�ªw,¤á. Ïdb�XY , 0.

3
Ø�ª-a = xi
X1/p , b = yi

Y1/q ,�

xi

X1/p

yi

Y1/q ≤
xp

i

Xp
+

yq
i

Yq
.

éi¦Ú�
n∑

i=1

xiyi ≤ X1/pY1/q
( n∑

i=1

xp
i

Xp
+

n∑
i=1

yq
i

Yq

)
= X1/pY1/q = ‖x‖p‖y‖q.

y..
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Definition 2.1

��lRn×n�R��K¼ê‖ · ‖¡�Rn×n þ�Ý
�ê. XJ§
÷v

1 �½5: é∀A ∈ Rn×n,k‖A‖ ≥ 0,�‖A‖ = 0 ⇔ A = 0.
2 àg5: é∀A ∈ Rn×n, α ∈ R,k‖αA‖ = |α|‖A‖.
3 n�Ø�ª: é∀A,B ∈ Rn×n,k‖A + B‖ ≤ ‖A‖ + ‖B‖.
4 �N5: é∀A,B ∈ Rn×n,k‖AB‖ ≤ ‖A‖‖B‖.



Definition 2.2

eÝ
�ê‖ · ‖MÚ�þ�ê‖ · ‖v÷v

‖Ax‖v ≤ ‖A‖M‖x‖v, A ∈ Rn×n, x ∈ Rn.

K¡‖ · ‖M�‖ · ‖v´�N�.

‖A‖ = max
‖x‖=1

‖Ax‖, A ∈ Rn×n ´Rn×nþ���Ý
�ê,Ù

¥‖ · ‖´Rnþ����ê. ¡||| · |||�Ý
��f�ê.

‖A‖p = max
‖x‖p=1

‖Ax‖p, A ∈ Rn×n

��µy²‖A‖ = max
‖x‖=1

‖Ax‖, A ∈ Rn×n ´Rn×nþ���Ý
�

ê.



Theorem 2.3

�A = [aij] ∈ Rn×n,Kk

‖A‖1 = max
1≤j≤n

n∑
i=1

|aij| −→�Ú�ê

‖A‖∞ = max
1≤i≤n

n∑
j=1

|aij| −→1Ú�ê

‖A‖2 =
√
λmax(ATA)



yyy²²²:
A = 0�,½nw,¤á. e¡�A , 0. éu1�ê,

òA ∈ Rn×nU�©¬�A = [a1, · · · , an],¿�

δ = ‖aj0‖1 = max
1≤j≤n

‖aj‖1

Ké?¿x ∈ Rn÷v‖x‖1 =
n∑

i=1
|xi| = 1k

‖Ax‖1 =

∥∥∥∥∥∥∥∥
n∑

j=1

xjaj

∥∥∥∥∥∥∥∥
1

≤

n∑
j=1

|xj|‖aj‖1

≤

 n∑
j=1

|xj|

 max
1≤j≤n

‖aj‖1 = ‖aj0‖1 = δ.

,��¡,e�ej0�n�ü Ý
�1j0�,Kk‖ej0‖1 = 1,�

‖Aej0‖1 = ‖aj0‖1 = δ.



Ïd,k

‖A‖1 = max
‖x‖1=1

‖Ax‖1 = δ = max
1≤j≤n

‖aj‖1 = max
1≤j≤n

n∑
i=1

|aij|.

éu∞�ê,Pη = max
1≤i≤n

n∑
j=1
|aij|,Ké?�x ∈ Rn÷v‖x‖∞ = 1k

‖Ax‖∞ = max
1≤i≤n

∣∣∣∣∣∣∣∣
n∑

j=1

aijxj

∣∣∣∣∣∣∣∣ ≤ max
1≤i≤n

n∑
j=1

|aij||xj|

≤ max
1≤i≤n

n∑
j=1

|aij| = η.



�A�1k1�∞�ê��,=η =
n∑

j=1
|akj|. -

x̃ = (sgn(ak1), · · · , sgn(akn))T,

KA , 0%¹X‖x̃‖∞ = 1,
�k‖Ax̃‖∞ = η. ù�,·�Ò®²y
²


‖A‖∞ = η = max
1≤i≤n

n∑
j=1

|aij|.

éu2�ê,Ak

‖A‖2 = max
‖x‖2=1

‖Ax‖2 = max
‖x‖2=1

[(Ax)TAx]
1
2

= max
‖x‖2=1

[xT(ATA)x]
1
2 .



5¿, ATA´��½�é¡
,�ÙA���

λ1 ≥ λ2 ≥ · · · ≥ λn ≥ 0.

±9ÙéA���5�A��þ�v1, · · · , vn ∈ Rn,Ké?�÷
v‖x‖2 = 1��þx ∈ Rnk

x =
n∑

i=1

αivi Ú

n∑
i=1

α2
i = 1.

u´,k

xTATAx =
n∑

i=1

λiα
2
i ≤ λ1.

,��¡,e�x = v1,Kk

xTATAx = vT
1 ATAv1 = vT

1λ1v1 = λ1.

¤±

‖A‖2 = max
‖x‖2=1

‖Ax‖2 =
√
λ1 =

√
λmax(ATA).

y²(å.



Ì�»

Definition 2.4

�A ∈ Cn×n,K¡

ρ(A) = max{|λ| : λ ∈ λ(A)}

�A�Ì�»,ùpλ(A)L«A�A����N.

Ì�»�Ý
�ê�mkXe'X:

Theorem 2.5

�A ∈ Cn×n,Kk
(1) éCn×nþ�?¿Ý
�ê‖ · ‖,k

ρ(A) ≤ ‖A‖;

(2) é?¿�½�ε > 0,�3Cn×nþ��f�ê‖ · ‖,¦�

‖A‖ ≤ ρ(A) + ε.



yyy²²²:
(1)�x ∈ Cn÷v

x , 0, Ax = λx, |λ| = ρ(A)

λxeT
1 = AxeT

1 , �0 , xeT
1 ∈ Cn×n.

ù�

ρ(A)‖xeT
1 ‖ = ‖λxeT

1 ‖ ≤ ‖A‖‖xeT
1 ‖.

Ïd

ρ(A) ≤ ‖A‖.

(2)dJordan©)½n�,�3�ÛÉÝ
X ∈ Cn×n,¦�

X−1AX =


λ1 δ1

λ2 δ2
. . .

. . .
λn−1 δn−1

λn


Ù¥δi = 1½0.



éu?¿�v�ε > 0,-

Dε = diag(1, ε, ε2, · · · , εn−1).

Kk

D−1
ε X−1AXDε =


λ1 εδ1

λ2 εδ2
. . .

. . .
λn−1 εδn−1

λn


y3½Â

‖G‖ε = ‖D−1
ε X−1GXDε‖∞, G ∈ Cn×n.



KN´�yù�½Â�¼ê‖ · ‖ε´dXe��þ�ê

‖x‖XDε = ‖(XDε)−1x‖∞, x ∈ Cn

p�Ñ��f�ê,
�k

max
x,0

‖Ax‖XDε

‖x‖XDε

= max
x,0

‖(XDε)−1Ax‖∞
‖(XDε)−1x‖∞

= max
y,0

‖(XDε)−1AXDεy‖∞
‖y‖∞

= ‖D−1
ε X−1AXDε‖∞.

Ïd

‖A‖ε = ‖D−1
ε X−1AXDε‖∞ = max

1≤i≤n
(|λi| + |εδi|) ≤ ρ(A) + ε.

Ù¥b½δn = 0. y²(å.



Theorem 2.6

�A ∈ Cn×n,K
lim
k→∞

Ak = 0⇐⇒ ρ(A) < 1.

yyy²²²:
7�5. � lim

k→∞
Ak = 0,¿b½λ ∈ λ(A)÷vρ(A) = |λ|. du

é?¿�kkλk
∈ λ(Ak),�dþã½nk

ρ(A)k = |λ|k ≤ ρ(Ak) ≤ ‖Ak
‖

é��k¤á,l
7kρ(A) < 1.
¿©5. �ρ(A) < 1,Kdþã½n,7k�f�

ê‖ · ‖¦‖A‖ < 1,l


0 ≤ ‖Ak
‖ ≤ ‖A‖k → 0, k→∞

u´ lim
k→∞

Ak = 0. y²(å.



Theorem 2.7

�A ∈ Cn×n,Kk

1
∞∑

k=0
AkÂñ�¿©�7�^�´ρ(A) < 1;

2 �
∞∑

k=0
AkÂñ�,k

∞∑
k=0

Ak = (I − A)−1,


��3Cn×nþ��f�ê‖ · ‖,¦�

‖(I − A)−1
−

m∑
k=0

Ak
‖ ≤
‖A‖m+1

1 − ‖A‖
.



Corollary 2.8

�‖ · ‖´Cn×nþ���÷v^�‖I‖ = 1�Ý
�ê,¿b
½A ∈ Cn×n ÷v‖A‖ < 1,KI − A�_�k

‖(I − A)−1
‖ ≤

1
1 − ‖A‖

.
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Ý
^�ê

κ(A) = ‖A‖‖A−1
‖¡�Ý
A�^�ê.

Ax = b, (A + δA)(x + δx) = b + δb, (‖A−1
‖‖δA‖ < 1)

K
‖δx‖
‖x‖
≤

κ(A)

1 − κ(A) ‖δA‖
‖A‖

(
‖δA‖
‖A‖

+
‖δb‖
‖b‖

)
.

�
‖δA‖
‖A‖���,k

κ(A)

1 − κ(A) ‖δA‖
‖A‖

≈ κ(A).

l

‖δx‖
‖x‖
/ κ(A)

(
‖δA‖
‖A‖

+
‖δb‖
‖b‖

)
.



½½½nnnµµµ�A ∈ Rn×n�ÛÉ,K

min
{
‖δA‖2
‖A‖2

: A + δA ÛÉ

}
=

1
‖A‖2‖A−1‖2

=
1

κ2(A)
,

=3Ì�êe§��Ý
�^�ê��êTÐ�uTÝ
��N

ÛÉÝ
¤|¤8Ü��éål.

yyy²²²µµµ�Iy²

min{‖δA‖2 : A + δA, ÛÉ } =
1

‖A−1‖2

=�.�‖A−1
‖2‖δA‖2 < 1�, A + δA7´�ÛÉ�,l
k

min{‖δA‖2 : A + δA, ÛÉ } ≥
1

‖A−1‖2
.



duÌ�ê´d�þ2�êp�Ñ��f�ê,Ïd7�
3x ∈ Rn�‖x‖2 = 1,¦�

‖A−1x‖2 = ‖A−1
‖2.

-

y =
A−1x
‖A−1x‖2

, δA = −
xyT

‖A−1‖2
,

Kk

(A + δA)y = Ay + δAy =
x

‖A−1x‖2
−

x
‖A−1‖2

= 0,

‖δA‖2 = max
‖x‖2=1

∥∥∥∥∥ xyT

‖A−1‖2
z
∥∥∥∥∥ = ‖x‖2
‖A−1‖2

max
‖x‖2=1

=
1

‖A−1‖2
.

ùÒ´`�3δA¦�A + δA´ÛÉ�,�‖δA‖2 = 1
‖A−1‖2

. Ïd(
Ø¤á.
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