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−u′′(x) = f (x) x ∈ (0, 1) = Ω

u(0) = u(l) = 0

ò«�¿©¤Nã§xj = jh, j = 0, 1, ...,N, h = 1
N . lÑ�ª�−uj+1−2uj+uj−1

h2 = fj = f (xj), j = 1, 2, ...,N − 1
u0 = uN = 0

=¦)AhUh = Fh§Ù¥

Ah =
1
h2


2 −1
−1 2 −1

. . .
. . .

. . .
−1 2 −1

−1 2


,Uh =


u1
u2
...

uN−1

 ,Fh =


f1
f2
...

fN−1





ê�O�Ý
��;�ªµduÝ
A´DÕÝ
§z1�k�
þ�"�§�;��I�;z��"��1I§�IÚ�=�§
P�(IR, IC,A). ~XéuÝ


1 3 0 0
2 5 0 7
0 1 2 4


�;�{�

IR = (1, 1, 2, 2, 2, 3, 3, 3)

IC = (1, 2, 1, 2, 4, 2, 3, 4)

A = (1, 3, 2, 5, 7, 1, 2, 4)

�;�{�

IR = (1, 3, 6, 9)
IC = (1, 2, 1, 2, 4, 2, 3, 4)
A = (1, 3, 2, 5, 7, 1, 2, 4)
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Gauss-SeidelS�{

uj ←
1
2 (uj−1 + uj+1 + h2fj) 1 ≤ j ≤ N − 1

Gauss-SeidelS�{Ý


A =


2 −1
−1 2 −1

. . .
. . .

. . .
−1 2 −1

−1 2


(N−1)×(N−1)



S�{��15�

SSS���{{{������111555���

uk =
[
0, sin(

kπ
N

), sin(
2kπ
N

), sin(
3kπ
N

), · · · , sin(
(N − 1)kπ

N
), 0

]T

�k���1, 3, 6��ã�Xeã¤«µ



Gauss-SeidelS�:
eãx�´éu��¯Kµ

−u′′(x) = 0 u|∂Ω = 0

^Gauss-SeidelS�?1¦)§�Ð©��sin(kπx), k = 1, 3, 6
�§zÚ�Ø�����§=‖ uh ‖∞

Figure: S�gê100g,N=64



Ð�µU0 = 1/4(u1 + u3 + u6 + u20),¦^Gauss-SeidelS�0, 1,
3, 5, 20Ú���Ø�ãXeµ

Figure: Gauss-SeidelS�Ø�(�)



Ð�µU0 = 1/4(u1 + u3 + u6 + u20) + u40,¦^Gauss-SeidelS
�0, 1, 3, 5, 20Ú���Ø�ãXeµ

Figure: Gauss-SeidelS�Ø�(�)



Gauss-SeidelS�Ý
�A��ÚA��þ

�x ∈ Rn�A��þ§Kk

(D − L)−1Ux = λx

=

xj+1 = λ(2xj − xj−1), λxj =
1
2

(xj+1 + λxj−1)

�C�

xj = λ
j
2 uj

�

λλ
j
2 uj =

1
2

(λ
j+1
2 uj+1 + λλ

j−1
2 uj−1)= λ

1
2 uj =

1
2

(uj+1 + uj−1)

�Ò´`, λ
1
2´JacobiS�Ý
�A��,�λ ≥ 0.



u´

λ
1
2
k = cos

kπ
N
, k = 1, · · · ,

N
2

d�AÚJacobiS�Ý
�A��þÑ�:(
sin

kπ
N
, sin

2kπ
N
, · · · , sin

(N − 1)kπ
N

)T
,


Gauss-SeidelS�Ý
�A��þ�µ(
cos

kπ
N

sin
kπ
N
, (cos

kπ
N

)2 sin
2kπ
N
, · · · , (cos

kπ
N

)N−1 sin
(N − 1)kπ

N

)T
.

ùùù`̀̀²²²G-SSSS���ÝÝÝ


���AAA������éééAAA���AAA������þþþ���XXXêêêA���AAA���
���éééAAA���AAA������þþþkkk������������������'''555,lll,,,«««¿¿¿ÂÂÂþþþ`̀̀,ùùùÒÒÒ
´́́G-SSSS���{{{���111555���ddd555





$ª�pª��é5

~X,�þ

u3 =
[
0, sin

(3π
12

)
, sin

(3 × 2π
12

)
, sin

(3 × 3π
12

)
, · · · , sin

(3 × 11π
12

)
, 0

]T

éÝ
A11×11
ó,´�é��A��éA�A��þ,�´Ù�
�

I1/6
1/12u3 =

[
0,

1
2

(
sin

(3π
12

)
+ 2 sin

(3 × 2π
12

)
+ sin

(3 × 3π
12

))
· · · ,

1
2

(
sin

(3 × 9π
12

)
+ 2 sin

(3 × 10π
12

)
+ sin

(3 × 11π
12

))
, 0

]T

%¹kÝ
A5×5�é��A��éA�A��þ. ¢Sþ,
A5×5�1n�A��þ�[
0, sin

(3π
6

)
, sin

(3 × 2π
6

)
, sin

(3 × 3π
6

)
, sin

(3 × 4π
6

)
, sin

(3 × 5π
6

)
, 0

]T
.
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J,�f

J,�f§òo��þRN/2−1���þ���[��þ¤
�RN−1 ��þ§=

Ih
2hv2h = vh

���/e§�±Xe½ÂJ,�fµ

vh
2j = v2h

j

vh
2j+1 =

1
2

(v2h
j + v2h

j+1) 0 ≤ j ≤ N/2 − 1



Ih
2hv2h =

1
2



1
2
1 1

2
1 1

2
1




v1
v2
v3


2h

=


v1
v2
...

v6
v7


���/µ

vh
2i,2j = v2h

ij

vh
2i+1,2j =

1
2

(v2h
ij + v2h

i+1,j)

vh
2i,2j+1 =

1
2

(v2h
ij + v2h

i,j+1) 0 ≤ i, j ≤ N/2 − 1

vh
2i+1,2j+1 =

1
4

(v2h
ij + v2h

i+1,j + v2h
i,j+1 + v2h

i+1,j+1)
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���f�

���f§´ò[��þ�RN−1��þÝK�o��þ¤
�RN/2−1��þ§=

I2h
h vh = v2h

���/µv2h
j = 1

4 (vh
2j−1 + 2vh

2j + vh
2j+1)

N=8�

I2h
h vh =

1
4


1 2 1

1 2 1
1 2 1



v1
v2
...

v6
v7


h

=


v1
v2
v3


2h

= v2h



���/µ

v2h
ij =

1
16

[vh
2i−1,2j−1 + vh

2i−1,2j+1 + vh
2i+1,2j−1 + vh

2i+1,2j+1

+ 2(vh
2i,2j−1 + vh

2i,2j+1 + vh
2i−1,2j + vh

2i+1,2j)

+ 4vh
2i,2j] 1 ≤ i, j ≤ N/2 − 1

éAXêµ

1
4


1
4

1
2

1
4

1
2 1 1

2
1
4

1
2

1
4





���f�

���f§´ò[��þ�RN−1��þÝK�o��þ¤
�RN/2−1��þ§=

I2h
h vh = v2h

���/µv2h
j = vh

2j−1 + 2vh
2j + vh

2j+1
N=8�

I2h
h vh =


1 2 1

1 2 1
1 2 1



v1
v2
...

v6
v7


h

=


v1
v2
v3


2h

= v2h



���f2

uh
2i,2j = u2h

i,juh
2i−1,2j = 1

2 (u2h
i,j + u2h

i−1,j)

uh
2i,2j−1 = 1

2 (u2h
i,j + u2h

i,j−1)

uh
2i−1,2j−1 = 1

2 (u2h
i,j + u2h

i−1,j−1)

L«�5o��þ:,P�uh
2i,2j

L«÷x��O\�[��:,P�uh
2i−1,2j;

L«÷y��O\�[��:P�uh
2i,2j−1;

L«÷é����O\�[��:P�uh
2i−1,2j−1;



ü����{

1. �½Ð©�u(0)
h ,�νÚGauss-SeidelS�,��Cq)u(ν)

h ,O
�íþ

rh = Fh − Ahu(ν)
h (5µAheh = rh, eh = uh − u(ν)

h )

2. 3o��þ¦)e¡�§

A2hu2h = F2h

ù�
A2h = I2h

h AhIh
2h, F2h = I2h

h rh

3. ro��þ���)u2h (n)�[��þØ�eh�Cq)J
,�[��þIh

2hu2h,,���

u(ν+1)
h = u(ν)

h + Ih
2hu2h

4. O�#�íþ
rh = Fh − Ahu(ν+1)

h

5. e‖rh‖2�u#NØ�§Ê�S�¶ÄK±u(ν+1)
h �S�Ð©

�,£�1�Ú.



'uü����{�5)

1. ü����{k��cJµeh $ Ih
2he2h,=eh´�é1w�,

U
�o���m($�)éÐ/Cq,´[��þÐ©Ø�
�é$ª�Ü©,ù�¦S��{U
é¯/ò[��þÐ
©Ø��épª�Ü©�4.

2. $ª½ö1w(pª½ö��¯)´�é�,ù´�âÝ
�
A��éA�A��þ5y©�. ��5`,·��¦S�
Ý
U¯�òÐ©Ø�¥éA�A���A��þ�@
©
þ=pªÜ©(��¯�Ü©)�4,C�é�,Ï~¡��S
��{��15. ù��S�{��éÐ©Ø�¥éA�A
���A��þ�@
©þ=$ªÜ©(��ú�Ü©)�J
ØÐ½ö��. Ð'~^�Gauss-SeidelS��{Òäkù
5�(éý� �©�§Äu���lÑXÚ).
òù
�
A��éA�A��þ���o��,Ù¥Òk�Ü©Úo
��þÝ
��A���A��þ�q$��Ó.éÐ©Ø
�¥ù�Ü©,XJ3o��þ^�Ó�S��{,ÒUé
¯ò¦��4,C�é�. òùg�48�e�§Ò��õ
­���{.
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1. 3Ωhþ§±u(0)
h �Ð�§^G-SS�{§éAhUh = Fh,S

�ν1g£ν = 1, 2, 3, ...¤§��u(ν1)
h §¿O�íþ

rh = Fh − Ahu(ν1)
h

2. òíþ�����Ω2hþ§=

F2h = I2h
h rh

3. 3Ω2hþ§±u(0)
2h = 0�Ð�§^G-SS�{§

éA2hu2h = F2hS�ν1g§��u(ν1)
2h §¿O�íþ

r2h = F2h − A2hu(ν1)
2h



4. òíþr2h�����Ω4hþ§=

F4h = I4h
2hr2h

5. 3Ω4hþ§±u(0)
4h = 0�Ð�§^G-SS�{§

éA4hu4h = F4hS�ν1g§��u(ν1)
4h §¿O�íþ

r4h = F4h − A4hu(ν1)
4h

6. ­EþãL§��§3ΩLhþ§±u(0)
Lh = 0�Ð�§^G-SS

�{§éALhuLh = FLhS�ν1g§��u(ν1)
Lh §L = 2r¿O�í

þ
rLh = FLh − ALhu(ν1)

Lh



7. òuLhJ,���ΩL/2,hþ§¿�#ΩL/2,h ��þ�Ø�

u(ν1+1)
L/2,h = u(ν1)

L/2,h + IL/2,h
Lh uLh

8. 3ΩL/2,hþ§±u(ν1+1)
L/2,h �Ð�§é

AL/2,huL/2,h = FL/2,h

S�ν2g§��u(ν1+ν2+1)
L/2,h

9. òu(ν1+ν2+1)
L/2,h J,���ΩL/4,hþ§¿�#ΩL/4,h ��þ�Ø

�
u(ν1+1)

L/4,h = u(ν1)
L/4,h + IL/4,h

L/2,hu(ν1+ν2+1)
L/2,h



10. ­EþãL§§��òòu(ν1+ν2+1)
2h J,���Ωhþ§¿�

#Ωh ��þ�Ø�

u(ν1+1)
h = u(ν1)

h + Ih
2hu(ν1+ν2+1)

2h

11. ±u(ν1+1)
h �Ð�§3Ωhþ§éAhuh = FhS�ν2g§�

�u(ν1+ν2+1)
h .

12. O�íþrh = Fh − Ahu(ν1+ν2+1)
h ,e‖rh‖2 ≤#NØ�,Ê�;Ä

K,£�1�Ú.
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Stokes�§

−4
−→u + ∇p =

−→
F ,

div−→u = 0,
∂u
∂ν

= b, y = 0;
∂u
∂ν

= t, y = 1,

∂v
∂ν

= l, x = 0;
∂v
∂ν

= r, x = 1,

u = 0, x = 0, 1; v = 0, y = 0, 1,

Ù¥−→u = (u, v)��Ý, pØå,
−→
F = (f , g)	å, ν�	{���.

Stokes flow is a type of fluid flow where advective inertial
forces are small compared with viscous forces. The
Reynolds number is low.
This is a typical situation in flows where the fluid velocities
are very slow, the viscosities are very large, or the
length-scales of the flow are very small.
The equations of motion for Stokes flow, called the Stokes
Equations, are a linearization of the Navier-Stokes
Equations.



MAC Scheme on Stagger Grids
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� � � � � � �

� � � � � � �

� � � � � � �

� � � � � � �

� � � � � � �

� � � � � � �

� ⇒ u

� ⇒ v

⇒ p



'uu��§ (h = 1/N)µ
(1) � 2 ≤ i ≤ N, 2 ≤ j ≤ N − 1,

−

ui+1,j+ 1
2
− 2ui,j+ 1

2
+ ui−1,j+ 1

2

h2 −

ui,j+ 3
2
− 2ui,j+ 1

2
+ ui,j− 1

2

h2

+
pi+ 1

2 ,j+
1
2
− pi− 1

2 ,j+
1
2

h
= fi,j+ 1

2
;

(2) � 2 ≤ i ≤ N (j = 1),

−

ui, 52
− ui, 32

h2 −
bi,1

h
−

ui+1, 32
− 2ui, 32

+ ui−1, 32

h2 +
pi+ 1

2 ,
3
2
− pi− 1

2 ,
3
2

h
= fi, 32 ;

(3) � 2 ≤ i ≤ N (j = N),
ui,N+ 1

2
− ui,N− 1

2

h2 −
ti,N+1

h
−

ui+1,N+ 1
2
− 2ui,N+ 1

2
+ ui−1,N+ 1

2

h2

+
pi+ 1

2 ,N+ 1
2
− pi− 1

2 ,N+ 1
2

h
= fi,N+ 1

2
;

(4) � i = 1Ú i = N + 1, 1 ≤ j ≤ N, ui,j+ 1
2

= 0.



'uv��§ (h = 1/N)µ
(1) � 2 ≤ j ≤ N, 2 ≤ i ≤ N − 1,

−

vi+ 3
2 ,j
− 2vi+ 1

2 ,j
+ vi− 1

2 ,j

h2 −

vi+ 1
2 ,j+1 − 2vi+ 1

2 ,j
+ vi+ 1

2 ,j−1

h2

+
pi+ 1

2 ,j+
1
2
− pi+ 1

2 ,j−
1
2

h
= gi+ 1

2 ,j
;

(2) � 2 ≤ j ≤ N (i = 1),

−

v 5
2 ,j
− v 3

2 ,j

h2 −
l1,j
h
−

v 3
2 ,j+1 − 2v 3

2 ,j
+ v 3

2 ,j−1

h2 +
p 3

2 ,j+
1
2
− p 3

2 ,j−
1
2

h
= g 3

2 ,j
;

(3) � 2 ≤ j ≤ N (i = N),
vN+ 1

2 ,j
− vN− 1

2 ,j

h2 −
rN+1,j

h
−

vN+ 1
2 ,j+1 − 2vN+ 1

2 ,j
+ vN+ 1

2 ,j−1

h2

+
pN+ 1

2 ,j+
1
2
− pN+ 1

2 ,j−
1
2

h
= gN+ 1

2 ,j
;

(4) � j = 1Ú j = N + 1, 1 ≤ i ≤ N, vi+ 1
2 ,j

= 0.



Ø�Ø^�( 1 ≤ i ≤ N, 1 ≤ j ≤ N )µ

ui+1,j+ 1
2
− ui,j+ 1

2

h
+

vi+ 1
2 ,j+1 − vi+ 1

2 ,j

h
= 0.

òù
�§�n,���Xe�5�ê�§|.(
A B
BT 0

) (
U
P

)
=

(
F
0

)
. (∗)



Distributive Gauss-Seidel (DGS)S�{

�½Ð©�U0 = (uT
0 , v

T
0 )TÚP0,-k = 0, A = DA − LA −UA,

DGSS�{½ÂXe( A. Brandt & N. Dinar 1979)µ
1. ^Gauss-SeidelS��{�#�Ý©þ

Uk+1/2 = Uk + (DA − LA)−1(F − BPk − AUk).

+r−
r
4 −

r
4

−
r
4

−
r
4

� �

�

�

� −
rh
4

� + rh
4

� + rh
4

� −
rh
4



2. éSÜü�(i, j)(o�º:((i − 1)h, (j − 1)h), (ih, (j − 1)h),
(ih, jh), ((i − 1)h, jh)), 2 ≤ i, j ≤ N − 1,O�ÑÝ�§�íþ

ri,j = −

uk+1/2
i,j− 1

2
− uk+1/2

i−1,j− 1
2

h
−

vk+1/2
i− 1

2 ,j
− vk+1/2

i− 1
2 ,j−1

h
,

¿-δ = ri,jh/4.
3. �#SÜü��Ýµ

uk+1
i−1,j− 1

2
= uk+1/2

i−1,j− 1
2
− δ, uk+1

i,j− 1
2

= uk+1/2
i,j− 1

2
+ δ,

vk+1
i− 1

2 ,j−1
= vk+1/2

i− 1
2 ,j−1
− δ, vk+1

i− 1
2 ,j

= vk+1/2
i− 1

2 ,j
+ δ.



4. �#SÜü��Øåµ

pk+1
i− 1

2 ,j−
1
2

= pk
i− 1

2 ,j−
1
2

+ ri,j,

pk+1
i+ 1

2 ,j−
1
2

= pk
i+ 1

2 ,j−
1
2
− ri,j/4,

pk+1
i− 3

2 ,j−
1
2

= pk
i− 3

2 ,j−
1
2
− ri,j/4,

pk+1
i− 1

2 ,j+
1
2

= pk
i− 1

2 ,j+
1
2
− ri,j/4,

pk+1
i− 1

2 ,j−
3
2

= pk
i− 1

2 ,j−
3
2
− ri,j/4.

+r−
r
3 −

r
3

−
r
3

� �

�

�

� −
rh
3

� + rh
3

�>.:
� −

rh
3



5. é>.ü�(i,N)(o�º:((i − 1)h, (j − 1)h), (ih, (j − 1)h),
(ih, jh), ((i − 1)h, jh)), 2 ≤ i, j ≤ N − 1,kO�ÑÝ�íþri,N,
O�úªXc,¿-δ = ri,Nh/3. �Ý�#Xeµ

uk+1
i−1,j− 1

2
= uk+1/2

i−1,j− 1
2
− δ, uk+1

i,j− 1
2

= uk+1/2
i,j− 1

2
+ δ,

vk+1
i− 1

2 ,N−1
= vk+1/2

i− 1
2 ,N−1

− δ.

6. �#>.ü�(i,N)�Øåµ

pk+1
i− 1

2 ,N−
1
2

= pk
i− 1

2 ,N−
1
2

+ ri,N,

pk+1
i+ 1

2 ,N−
1
2

= pk
i+ 1

2 ,N−
1
2
− ri,N/3,

pk+1
i− 3

2 ,N−
1
2

= pk
i− 3

2 ,N−
1
2
− ri,N/3,

pk+1
i− 1

2 ,N−
3
2

= pk
i− 1

2 ,N−
3
2
− ri,N/3.

7. aq�#>.ü�(N, j)Ú(1, j), 2 ≤ j ≤ N − 1, (i, 1),
2 ≤ i ≤ N − 1��ÝÚØå.



r −
r
2

−
r
2

� �

�

�

�>.:
� + rh

2

� + rh
2

�>.:

8. éº:ü�(1, 1),O�ÑÝíþr1,1,O�úªXc,
-δ = r1,1h/2. �#�ÝXeµ�#SÜü��Ýµ

uk+1
1, 12

= uk+1/2
1, 12

+ δ, vk+1
1
2 ,1

= vk+1/2
1
2 ,1

+ δ.

�#ØåXeµ

pk+1
1
2 ,

1
2

= pk
1
2 ,

1
2

+ r1,1,

pk+1
3
2 ,

1
2

= pk
3
2 ,

1
2
− r1,1/2,

pk+1
1
2 ,

3
2

= pk
1
2 ,

3
2
− r1,1/2.

9. éÙ¦º:ü�(1,N), (N, 1)Ú(N,N),aq�#�ÝÚØå.



Uzawa Iteration Method (Hirofumi Uzawa 1958)

�½P0,-k = 0
1. ¦)AUk+1 = F − BPk;
2. �#ØåPk+1 = Pk + α(BTUk+1);
3. �äØ�´Ä�u#N��µXJ�u,KÊ�S�§ÄK
£�1�Ú.

ëêα�À�µÏ�

Pk+1 = Pk + α(BTA−1(F − BPk))

= (I − αBTA−1B)Pk + αBTA−1F

Ïd,'uØå��#�{,��ue¡��5�ê�§|

BTA−1BP = BTA−1F

�S��ª. Ï
, (��:y²¦Ì�»ρ(I − αBTA−1B)���)
�`ëê�

α∗ =
2

λmin(BTA−1B) + λmax(BTA−1B)



Inexact Uzawa Iteration Method

Howard C Elman & Gene H. Golub 1994, SINUM, 1645–1661.

�½P0,-k = 0
1. Cq¦)AUk+1 = F − BPk,��Cq)Ûk+1;
2. �#ØåPk+1 = Pk + α(BTÛk+1);
3. �äØ�´Ä�u#N��µXJ�u,KÊ�S�§ÄK
£�1�Ú.

�Ûk+1 ´�§AUk+1 = F − BPk �Cq). ½Â

δk = AÛk+1 − F + BPk

e
‖δk‖2 ≤ τ‖BTÛk‖

K(·�À�α)�τ¿©��,þãS��{´Âñ�.



J,!���f
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�

� � � � �

� � � � �

� � � � �

� � � � �

�

�

�

�

�

�

� � �

� � �

���������fffµµµ

�Ýµ�=0.25*�Cü��+0.125*±�o��
Øåµ =0.25*�C�o�

JJJ,,,���fffµµµ

SÜo���þµ�=0.25*��+0.75*C�
[���þµ�=0.5*�C�+0.5*�C�

þ!e>.o���þµ�=0.5*�C�
Øåµ =�C



�~

«�Ω = (0, 1)2§	å�

f (x, y) = −4π2(2 cos(2πx) − 1) sin(2πy) + x2,

g(x, y) = 4π2(2 cos(2πy) − 1) sin(2πx).

ý)�µ

u(x, y) = (1 − cos(2πx)) sin(2πy),
v(x, y) = −(1 − cos(2πy)) sin(2πx),

p(x, y) =
x3

3
−

1
12
.



����¦

1. ©O�N = 64, 128, 256, 512, 1024, 2048,±DGS��1f,^
ÄuV-cycle�õ­���{¦)lÑ¯K(∗),ÊÅIO
�‖rh‖2/‖r0‖2 ≤ 10−8,éØÓν1!ν2!L,'�V-cycle�gê
ÚCPU�m,¿O�Ø�

eN = h
( N∑

j=1

N−1∑
i=1

|ui,j− 1
2
−u(xi, yj− 1

2
)|2+

N−1∑
j=1

N∑
i=1

|vi− 1
2 ,j
−u(xi− 1

2
, yj)|2

)1/2
.

ù�xi = (i − 1)h, yj− 1
2
) = (j − 3

2 )h, xi− 1
2

= i − 3
2 h, yj = (j − 1)h.

2. ©O�N = 64, 128, 256, 512,±Uzawa Iteration Method¦
)lÑ¯K(∗),ÊÅIO�‖rh‖2/‖r0‖2 ≤ 10−8,¿O�Ø�

eN = h
( N∑

j=1

N−1∑
i=1

|ui,j− 1
2
−u(xi, yj− 1

2
)|2+

N−1∑
j=1

N∑
i=1

|vi− 1
2 ,j
−v(xi− 1

2
, yj)|2

)1/2
.



3. ©O�N = 64, 128, 256, 512, 1024, 2048,±Inexact Uzawa
Iteration Method�S�{¦)lÑ¯K(∗),ÊÅIO
�‖rh‖2/‖r0‖2 ≤ 10−8,Ù¥±V-cycleõ­���{�ý^�
f¦)z�Ú�f¯KAUk+1 = F − BPk,éØ
Óα!τ!ν1!ν2!L,'�	Ì��S�gêÚCPU�m,¿
O�Ø�

eN = h
( N∑

j=1

N−1∑
i=1

|ui,j− 1
2
−u(xi, yj− 1

2
)|2+

N−1∑
j=1

N∑
i=1

|vi− 1
2 ,j
−v(xi− 1

2
, yj)|2

)1/2
.
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Theorem 7.1

�A ∈ Rn×n ´é¡Ý
§¿b½A�A��λ1 ≤ λ2 ≤ · · · ≤ λn§
Kk

λk = min
W⊂Rn& dim W=k

max
x∈W&x,0

xTAx
xTx

,

λk = max
W⊂Rn& dim W=n−k+1

min
x∈W&x,0

xTAx
xTx

.

yyy²²²: �λ1, λ2, ..., λnéA�A��þ�ξ1, ξ2, ..., ξn.
�W = span{ξ1, · · · , ξk},�

min
W⊂Rn& dim W=k

max
x∈W&x,0

xTAx
xTx

≤ λk

é?¿k�f�mW,eW , span{ξ1, · · · , ξk},K�3ξ ∈W,¦
�ξ ⊥ ξi, i = 1, · · · , k. �k

min
W⊂Rn& dim W=k

max
x∈W&x,0

xTAx
xTx

≥ λk.



é¡S��{

�B�A(b�Aé¡)�Cq_,�½Ð©�x0,½ÂXeS��ª:

xk+1/2 = xk + B(b − Axk)

xk+1 = xk+1/2 + BT(b − Axk+1/2)

ù�,
xk+1 = xk + B̄(b − Axk), B̄ = B + BT

− BTAB

‖I − BA‖2A = λmax(I − B̄A) = 1 − λmin(B̄A)

= 1 −
(

max
‖x‖A=1

(B̄−1x, x)
)−1



°(ü���{

�V = Rn, Vc = span{P1, · · · ,Pnc}. -Ac = PTAP. �½Ð©
�x0 ∈ V,½ÂXeü���{µ

1 o����r = b − Ax0, x1/2 = x0 + PA−1
c PTr;

2 ��1x1 = x1/2 + R(b − Ax1/2).

-Πc = PA−1
c PTA§KØ�DÂf½öS�Ý


E = (I − RA)(I −Πc),

�k

‖(I − RA)(I −Πc)‖2A = 1 −
1

K(P)
,

Ù¥K(P) = max
v∈V

min
vc∈Vc

(R̄−1(v−vc),v−vc)
(Av,v) , R̄ = RT + R − RTAR.

(y²�: Theorem 5.3, Jinchao Xu and Ludmil Zikatanov,
Algebraic multigrid methods, Acta Numerica (2017), pp.
591–721)



y²µ

é?¿w = Pη, η ∈ Rnc ,Ï�Πc = PA−1
c PTA, Ac = PTAP,k

(Av−AΠcv,w) = ηTPT(Av−AΠcv) = ηT(PTAv−PTAPA−1
c PTAv) = 0.

-V⊥c = {v ∈ Rn : (v,w)A = 0,∀w ∈ Vc},k

‖(I − RA)(I −Πc)‖2A = max
0,v∈V⊥c

(
(I − RA)TA(I − RA)v, v

)
(Av, v)

= max
0,v∈V⊥c

(
A(I − RTA)(I − RA)v, v

)
(Av, v)

= max
0,v∈V⊥c

(
A(I − R̄A)v, v

)
(Av, v)

,

Ù¥R̄ = RT + R − RTAR. �(λi, ξi), i = 1, · · · ,n�Ý
R̄A�A�
é(λ1 ≤ λ2 · · · ≤ λn),÷v(ξi, ξj)A = δij. òv^ù
A��þ�5
LÑ,=

v =

n∑
i=m

ciξi,
n∑

i=m

c2
i = (v, v)A, Ù¥ m ≥ 1.



u´

‖(I − RA)(I −Πc)‖2A = max
0,v∈V⊥c

n∑
i=m

(1 − λi)c2
i

n∑
i=m

c2
i

= 1 − min
0,v∈V⊥c

n∑
i=m

λic2
i

n∑
i=m

c2
i

≤ 1 − λm(R̄A).

,,,������¡¡¡(???)

λm(R̄A) =
(

max
v∈V⊥c

(R̄−1v, v)
(Av, v)

)−1
=

(
max
v∈V

min
vc∈Vc

(R̄−1(v − vc), v − vc)
(Av, v)

)−1
.



�ê$ªµ
‖v‖2A ≤ ε‖v‖

2
R̄−1

e(R̄Av, v)A ≤ ε‖v‖2A,Kv´�ê$ª�(=éAuR̄A�A��é
A�A��þ).

�êpªµ
‖v‖2A ≥ δ‖v‖

2
R̄−1

(=éAuR̄A�A��éA�A��þ).
²;�ê$ªØ�µ

‖e‖2A ≤ ε‖e‖
2
D.

(=éAuD−1A�A��éA�A��þ).



Theorem 7.2

eV = Vc + Vhf ,Ù¥Vhf´δ�êpª�§�é?¿v,�
3vc ∈ Vc, vhf ∈ Vhf ,k

v = vc + vhf , ‖vhf ‖
2
A ≤ c1‖v‖2A,

Kk

‖E‖2A ≤ 1 −
δ
c1
.



�m©)�f�m��

ò�m�Xe©)µ

Rn =

N∑
j=1

Vj.

�
Lã{üå�§ùpb�
Vj´R
n�f�m. �Vj,

j = 1, · · · ,N,�Ä�

Pj = (φj,1, φj,2, · · · , φj,`j), 1 ≤ `j ≤ n.

ÏdPj´��n × `j�Ý
.
�½�§Ax = bCq)xk,½Âíþ

r = b − Axk,

KØ�e = x∗ − xk÷víþ�§

Ae = r.



¿1f�m��

b�Ø�e3f�mVj¥�©þ�ej = PjCj,Ù¥Cj ∈ R
`j����

þ. b�Ù{Ø�©þ�",Kej÷vXe�§µ

Aej = r ⇒ APjCj = r.

½ÂAj = PT
j APj, rj = PT

j r,�Cj = A−1
j rj.#�Cq)½Â�

xk+1 = xk +

N∑
j=1

ej = xk +

N∑
j=1

PjA−1
j PT

j r.

-BPSC =
N∑

j=1
PjA−1

j PT
j ,k

xk+1 = (I − BPSCA)xk + BPSCb.

ù�
(x∗ − xk+1) = (I − BPSCA)k+1(x∗ − x0).



G1f�m��

1 ½Âu(0) = xk.
2 ®�u(j−1),½ÂíþR(j−1) = b − Au(j−1). -rj = PT

j R(j−1),

Cj = A−1
j rj,½Âej = PjCj.

3 �#u(j) = u(j−1) + ej.
4 Ì���j = N.
5 ½Â#�Cq)�xk+1 = u(N)

Ï�

u(j) = u(j−1) + ej = u(j−1) + PjA−1
j PT

j (b − Au(j−1))

= (I − PjA−1
j PT

j A)u(j−1) + PjA−1
j PT

j b,

Ïd

x∗ − xk+1 =

N∏
i=1

(I − PjA−1
j PT

j A)(x∗ − xk).

½ÂI − BSSCA =
N∏

j=1
(I − PjA−1

j PT
j A).



5)

1. 3þ¡¿1ÚG1f�m���{¥,~�A−1
j �Cq_,=

BPSC =

N∑
j=1

PjRjPT
j

I − BSSCA =

N∏
j=1

(I − PjRjPT
j A)

2. e�Vj = span{ej}, j = 1, · · · ,N,KJacobiS�{´¿1f�
m���{, Gauss-SeidelS�{´G1f�m���{.

3. P��Ωhþ��m�V = Ṽ0, Ω2hþ��m�Ṽ1, ......,
Ω2Nhþ��m�ṼN,½ÂVj = Ih

2h · · · I
2j−1h
2jh

Ṽj,Kk

V =

N∑
j=0

Vj.



u(ν+ 1
N )

h = u(ν)
h + Ih

2hR̄2hI2h
h (Fh − Ahu(ν)

h )

(u(ν)
2h = R̄2hI2h

h (Fh − Ahu(ν)
h ))

= (I − Ih
2hR̄2hI2h

h Ah)u(ν)
h + Ih

2hR̄2hI2h
h Fh.

u(ν+ 2
N )

h = u(ν+ 1
N )

h + Ih
2hI2h

4hR̄4hI4h
2h(F2h − A2hu(ν)

2h )

= u(ν+ 1
N )

h + Ih
2hI2h

4hR̄4hI4h
2h(I2h

h rh − I2h
h AhIh

2hu(ν)
2h )

= u(ν+ 1
N )

h + Ih
2hI2h

4hR̄4hI4h
2h(I2h

h Fh − I2h
h Ah(u(ν)

h + Ih
2hu(ν)

2h ))

= (I − Ih
2hI2h

4hR̄4hI4h
2hI2h

h Ah)u(ν+ 1
N )

h + Ih
2hI2h

4hR̄4hI4h
2hI2h

h Fh.



-Pj = Ih
2h · · · I

2j−1h
2jh

, pT
j = I2jh

2j−1h
· · · I2h

h , R̄j = R̄2jh, P0 = PT
0 = I,k

u(ν+ j
N )

h = (I − PjR̄jPT
j Ah)u(ν+ j−1

N )
h + PjR̄jPT

j Fh,

(uh − u(ν+ N
N )

h ) =

N∏
j=0

(I − PjR̄jPT
j Ah)(uh − u(ν)

h ).

Ïd

I − BSSCAh =
( N∏

j=1

(I − PjR̄jPT
j Ah)

)
(I − R̄0Ah).

4. éuc¡?Ø�[ÛÉ¯K,�A��m©)�

R3 = V1 + V2 + V3 + V4

Ù¥Vj = span{ej}, j = 1, 2, 3, V4 = span{(1, 1, 1)T
}. ,�^G

1f�m��.
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��

1 y²

1
4

(B−1
pscv, v) ≤ (B̄−1

sscv, v) ≤ C(B−1
pscv, v),∀v ∈ Rn,

Ù¥c = max
1≤k≤N

[M(k)]2,

M(k) =
{
j ∈ {1, 2, · · · ,N}|Vj ∩ Vk , {0}

}
.

���
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