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½n(Shur©)½n) �A ∈ Cn×n, K�3jÝ
U ∈ Cn×n¦�
 

U∗AU = T

Ù¥T´þn�
¶
��±·�À�U , �¦T�é��Uì?
¿�½�^Sü�.

½n(Gerschgorin��½n) �A = [aij ] ∈ Cn×n, -

Gi(A) = {z ∈ C : |z − aii| ≤
∑
j 6=i
|aij |}, i = 1, · · · , n,

K

λ(A) ⊂ G1(A) ∪G2(A) ∪ · · · ∪Gn(A).
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b½λ´A���üA��§x´áuA�ü A��þ.
-U = [x, U2] ∈ Cn×n´jÝ
£U∗U = I¤, =U���þ�
¤Cn��|IO��Ä§Kk

U∗AU =

[
λ x∗AU2

0 A2

]
Ù¥A2 = U∗2AU2´n− 1�Ý
. dλ´A�üA���b½§k

δ = min
µ∈λ(A2)

|λ− µ| > 0.

u´§½Â
B⊥ = U2(λI −A2)

−1U∗2 .
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d	§dudet(λI −AT ) = det(λI −A) = 0, �7�3�"�
þy ∈ Cn, ¦�yTA = λyT . Ï~¡y�A�áuλ��A��þ.
Ï�λ ´üA��§ÏdyTx 6= 0, ��ÀJy¦�yTx = 1. e�
Ý
±���6Ä¦ÙC�Ã, Pε = ‖Ã−A‖2,K�3Ã���
A��λ̃ÚéA�A��þx̃, ¦�

|λ̃− λ| ≤ ‖y‖2ε+O(ε2), ‖x̃− x‖2 ≤ ‖B⊥‖2ε+O(ε2).

©O¡¡‖y‖2Ú‖B⊥‖2�A��λÚA��þx�^�ê§P�

κ(λ) = ‖y‖2, κ(x) = ‖B⊥‖2.
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�{

·�b�A�±é�z

A = XΛX−1,

Ù¥Λ = diag(λ1, · · · , λn), X = [x1, · · · , xn] ∈ Cn×n�ÛÉ. 2
b½

|λ1| > |λ2| ≥ · · · ≥ |λn|.
�½?Û�þ

u0 = a1x1 + a2x2 + · · ·+ anxn,

Ù¥a1 6= 0. ·�k

Aku0 =

n∑
j=1

ajA
kxj =

n∑
j=1

ajλ
k
jxj

= λk1

a1x1 +
n∑
j=2

aj
(λj
λ1

)k
xj

 .
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dd�

lim
k→∞

Aku0

λk1
= a1x1.

ùL²

uk =
Aku0

λk1

Ò´A���éÐ�CqA��þ.

¢Sþ§þã�{1ØÏµ�´λ1´¯kØ���¶�O
�Ak�O�þ��.

Ì�g�µ�´λk1�´UC�þ��Ý§�±^Ù¦�~êUC
�þ��Ý¶�O�Aku0�vk7�JcòA

kO�Ñ5.
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yk = Auk−1,

µk = ξ
(k)
j , ξ

(k)
j ´yk����©þ,

uk = yk/µk,

Ù¥u0´?¿�½�Ð©�þ§�‖u0‖∞ = 1.

½½½nnnµµµ �Akp�pØ�Ó�A��÷
v|λ1| > |λ2| ≥ · · · ≥ |λp|, ¿����A��λ1´�ü�. XJ
Ð©�þu03λ1 �A�f�mþ�ÝKØ´"§KþãS��
)��þS�{uk}Âñ�λ1���A��þx1, 
��)�ê�
S�{µk}Âñ�λ1.

yyy²²²µµµ kJordan©)½n

A = Xdiag(J1, · · · , Jp)X−1

Ù¥Ji ∈ Cni×ni´áuλi�Jordan¬�¤�¬þn�

§n1 + n2 + · · ·+ np = n. 
�λ1��ü�§ÏdJ1 = λ1In1 .
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-y = X−1u0, ¿òyÚX�Xe©¬µ

y = (yT1 , y
T
2 , · · · , yTp ), X = [X1, X2, · · · , Xp],

ù�

Aku0 = Xdiag(Jk1 , J
k
2 , · · · , Jkp )X−1u0

= X1J
k
1 y1 +X2J

k
2 y2 + · · ·+XpJ

k
p yp

= λk1X1y1 +X2J
k
2 y2 + · · ·+XpJ

k
p yp

= λk1

[
X1y1 +X2

(J2
λ1

)k
y2 + · · ·+Xp

(Jp
λ1

)k
yp

]
.

5¿�ρ(λ−11 Ji) = |λi|/|λ1| < 1(i = 2, · · · , p), �

lim
k→∞

1

λk1
Aku0 = X1y1.


�b½u03λ1�A�f�mþÝKØ�"%ºX1y1 6= 0.
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Ï�‖uk‖∞ = 1�

uk =
Auk−1
µk

=
Aku0

µkµk−1 · · ·µ1
,

¿�uk��k��©þ�1, u´

ξk = µkµk−1 · · ·µ1

7�Aku0�����©þ§l
ξk/λ
k
1Ò´A

ku0/λ
k
1�����

�©þ. ù�
ξ = lim

k→∞
ξk/λ

k
1

�3§l
{uk}Âñ§�
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lim
k→∞

uk = lim
k→∞

Aku0
ξk

= lim
k→∞

(
Aku0

λk1

/
ξk

λk1

)
=
X1y1
ξ

= x1.

w,x1´áuλ1���A��þ. 2k�ªAuk−1 = µkuk9x1k
����1�©þ§á=��S�{µk}Âñ�λ1.
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��{

Ayk = zk−1,

µk = ξ
(k)
j , ξ

(k)
j ´yk����©þ,

zk = yk/µk,

� £���{

(A− µI)vk = zk−1,

zk = vk/‖vk‖2.

b½A�A��üS�

0 < |λ1 − µ| < |λ2 − µ| ≤ |λ3 − µ| ≤ · · · ≤ |λn − µ|.

b½λ´A���üA��§x´áuλ�ü A��þ§¿�b
½S��ª¥� £µÚλ�©�C§�x´û��§=cond(x)
Ø´��. y�U2 ∈ Cn×n−1, ¦�[x, U2]´j
, =U2�
�span{x}⊥�IO��Ä.
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d^�ê�½Â�

cond(x) = ‖U2(λI −A2)
−1U∗2 ‖2 = ‖(λI −A2)

−1U∗2 ‖2

Ù¥A2 = U∗2AU2.

yb½�½z0��§·�^�Ì�Gauss��{¦)�
§(A− µI)v1 = z0�. PO�)�v̂1

(A− µI − E)v̂1 = z0.

Ù¥E�A− µIÚz0k'§�‖E‖2k���þ.§Ï~�Øõ´
Åì°Ý. Pe = v̂1 − v1 = (A− µI)−1Ev̂1, ¿òe ©)�

e = x1 + x2

Ù¥x1 ∈ span{x}, x2 ∈ span{x}⊥, K�3α ∈ CÚy ∈ Cn−1§¦
�

x1 = αx, x2 = U2y.
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,��¡§·�k

A− µI = [x, U2]

[
λ− µ x∗AU2

0 A2 − µI

] [
x∗

U∗2

]
.

Ï


(A− µI)−1 = [x, U2]

[ 1
λ−µ

−1
λ−µx

∗AU2(A2 − µI)−1

0 (A2 − µI)−1

] [
x∗

U∗2

]
.

ù�

α = x∗e = x∗(A− µI)−1Ev̂1

=
x∗

λ− µ
[I −AU2(A2 − µI)−1U∗2 ]Ev̂1,

y = U∗2 e = (A2 − µI)−1U∗2Ev̂1.
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5¿�

(A2 − µI)−1 = (A2 − λI + (λ− µ)I)−1

= (I + (λ− µ)(A2 − λI)−1)−1(A2 − λI)−1.

·���, �µÚλ�©�C�§k

s = ‖(A2 − µI)−1U∗2 ‖2 ≈ ‖(A2 − λI)−1‖2 = cond(x).

Ïd§3x´û��^��§sØ¬��. u´

‖x2‖2 = ‖y‖2 ≤ s‖Ev̂1‖2

Ò´��Ø���þ§�´

|α| ≤ 1

|λ− µ|
(1 + ‖A‖2s)‖Ev̂1‖2,

Ò´��é��þ.
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�é{`§¦)�5�§|¤Úå�Ø�§Ì�éÙ)3A�f
�mspan{x}þÝK��ÝkK�§Ø���§Ù)3A�f�
mspan{x}þ�ÝK��. ùéu·��O�λ�CqA��þ

ó§�©k|§Ï�·�'%�Ì�´���þ���
¿�§
���.

��Åì°Ý�CqA�� µ: det(A+ E − µI) = 0,
‖E‖2 = O(u)

��Åì°Ý�CqA���þ y: (A+ F )y = µy,
‖F‖2 = O(u)

eµ´A�����Åì°Ý�CqA��§K�3E÷
v‖E‖2 = O(u), �(A+ E − µI)y = 0k�"). �y ∈ Cn÷v

(A+ E − µI)y = 0, �‖y‖2 = 1.

@o·�k
(A+ E)y = µy �‖E‖2 = O(u).
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=y´A�����Åì°Ý�CqA��þ. �é{`§e·�
3� £���{¥�z0 = (A− µI)y, @o3°(O��cJ
e§�I�S��gÒ���A ���Åì°Ý�CqA��
þ. �,§3¢SO��·�´Ø¬Uìù«�ªÀ�Ð©�
þz0�§ùp�´`²���n§=3·�À�Ð©�þ��§
��{äk“�gS�”5.
“�gS�{”ÀÐ�:

A− µI = LU.

LUv1 = z0

Àz0 = Le, Ù¥e�©þ��1��þ§K�
¦v1, ��¦)�
�n��§

Uv1 = e.
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Ä�S��Âñ5

éu�½�A0 = A ∈ Cn×n, QR�{�Ä�S��ªX
eµA0 = A ∈ Cn×n

Am−1 = QmRm, Am = RmQm,

m = 1, 2, · · · u´

Am = RmQm = Q∗mQmRmQm = Q∗mAm−1Qm,

=Am�Am−1�q§äk�Ó�A��. C�Ú§d

Am = Q∗mQmRmQm = Q∗mQ
∗
m−1 · · ·Q∗1A0Q1 · · ·Qm−1Qm,

�Am�A0 = A�q§äk�Ó�A��. -

Q̃m = Q1 · · ·Qm−1Qm,

�
Am = Q̃∗mA0Q̃m.
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q
Am = Qm+1Rm+1,

�

Qm+1Rm+1 = Q̃∗mAQ̃m, =Q̃mQm+1Rm+1 = AQ̃m.

u´, k£ü>Ó¦±Rm · · ·R1¤

Q̃mQm+1Rm+1Rm · · ·R1 = AQ̃mRm · · ·R1.

-R̃k = Rk · · ·R1, �

Q̃m+1R̃m+1 = AQ̃mR̃m = · · · = Am+1.

þªü>Ó¦±e1, �

Am+1e1 = Q̃m+1R̃m+1e1 = r11q
m+1
1 ,

Ù¥qm+1
1 �Q̃m+1�1��, r11�R̃m+1�1��é����.
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½½½nnnµµµ�A�n�A��÷v|λ1| > |λ2| > · · · > |λn| > 0, ¿
�n��
Y�1i1´AéAuλi ��A��þ. XJYkLU©
), KS��ª�)�Ý
Am = [α

(m)
ij ]�é��±e���ªu

", Ó�é��α
(m)
ii ª�uλi (i = 1, · · · , n).

yyy²²²µµµ-
X = Y −1,Λ = diag(λ1, · · · , λn),

KkA = XΛY . b½YkLU©)�Y = LU , Ù¥L´ü en
�Ý
, U´þn�Ý
. ù�§k

Am = XΛmY = XΛmLU = X(ΛmLΛ−m)ΛmU

= X(I + Em)ΛmU,

Ù¥I + Em = ΛmLΛ−m. duL´ü en�Ý
,
�|λi| < |λj |(i > j), k

lim
m→∞

Em = 0.
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-X = QR�R�é����þ��ê. u´

Am = QR(I + Em)ΛmU = Q(I +REmR
−1)RΛmU.

�m¿©��, I +REmR
−1´�ÛÉ�, kXeQR©)µ

I +REmR
−1 = Q̂mR̂m,

Ù¥R̂m�é��þ��ê, �k

lim
m→∞

Q̂m = lim
m→∞

R̂m = I.

Ïd

Am = QQ̂mR̂mRΛmU = (QQ̂m)(R̂mRΛmU).

ù�, ·���Am���QR©). �
�yù�©)¥þn�
Ý
�é��þ��, ½Â

D1 = diag(
λ1
|λ1|

, · · · , λn
|λn|

),

D2 = diag(
u11
|u11|

, · · · , unn
|unn|

).
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Am = (QQ̂mD
m
1 D2)(D

−1
2 D−m1 R̂mRΛmU).

5¿�Am�QR©)���5, k

Q̃m = QQ̂mD
m
1 D2, R̃m = D−12 D−m1 R̂mRΛmU.

u´

Am = Q̃∗mAQ̃m = D∗2(Dm
1 )∗Q̂∗mQ

∗AQQ̂mD
m
1 D2.

q
A = XΛY = QRΛR−1Q∗,

�

Am = D∗2(Dm
1 )∗Q̂∗mRΛR−1Q̂mD

m
1 D2.

ùÒy²
(Ø.
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f�mS��{

PX0 = [x
(0)
1 , x

(0)
2 , · · · , x(0)p ], Ä�S��ª�

Xk = AXk−1.

b½A�A��÷vµ

|λ1| ≥ |λ2| ≥ · · · ≥ |λp| > |λp+1| ≥ · · · ≥ |λn|,

�AA��þ�v1, · · · , vp, vp+1, · · · , vn, KXk���þÜ¤�f
�mÂñu

span{v1, · · · , vp}.

fff���mmmSSS������{{{µµµ

(1) À���n× p�Ý
X0, k = 1;

(2) Xk−1 = Q̂kRk;

(3) Xk = AQ̂k.
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¢ Schur IO/

éu¢Ý
�, g,F"�O��9¢ê$�� QR S�, =�
½ A ∈ Rn×n, -A1 = A, �ES��ª:

Ak = QkRk,

Ak+1 = RkQk,
k = 1, 2, · · · , (6.1)

Ù¥ Qk ´��Ý
, Rk ´þn�
. duE�ÝA����3,
AkØ�½ªuþn�
, 
¬ªuXeIO/.
½½½nnn(¢¢¢ Schur ©©©)))): �A ∈ Rn×n, K�3��Ý

A ∈ Rn×n, ¦�

QTAQ =


R11 R12 · · · R1m

R22 · · · R2m

. . .
...

Rmm

 , (6.2)

Ù¥Rii ½ö´��¢ê, ½ö´��äk�éE�ÝA���2
��
.
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8¹

1 Ä�VgÚ5�

2 �{

3 ��{

4 QR�{

5 f�mS��{

6 ¢ Schur IO/
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8 ��: £� QR S�

9 V­Ú £� QR S�

10 ÛªQR�{
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þ Hessenberg z

�
~�zgS�¤I�$�þ, o´kò�Ý
 A ²�qC�
�z���Oþn�
, 2é�z��Ý
?1 QR S�. F"
O����ÛÉÝ
 Q, ¦�

Ã = QAQ−1

äk,«AÏ/ª. �,Ã �"���õ�Ð.

^ Householder C��Cz:

H1AH1.

�
�y®3 H1A �1��¤Ñy�"��Ø�u3m¦ H1

��»�K, ·�ATÀ� H1 äkXe/G:[ ]
1 0 1

0 H̃1 n− 1
1 n− 1

. (7.1)
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|^/X (7.1) ª� Householder C�é A ?1�qC�=k[
α11 aT2 H̃1

H̃1a1 H̃1A22H̃1

]
, (7.2)

Ù¥ aT1 = (α21, α31, · · · , αn1), aT2 = (α12, α13, · · · , α1n),
A22 ´ A �me�� n− 1 �Ìf
.

d (7.2) ª, Householder C� H̃1 ��ZÀJAT¦�

H̃1a1 = pe1, (7.3)

Ù¥ p ∈ R, e1 ´ n− 1 �ü Ý
�1��. ù��5, Ò�À
�/X (7.1) ª� Householder C� H1, ¦� H1AH1 �1��
k n− 2 �"��.
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,�, é Ã22 = H̃1A22H̃1 ?1Ó���Ä, q�é
� Householder C�

H̃2 =

[
1 0

0 Ĥ2

]
,

¦�

(H̃2Ã22H̃2)e1 =


∗
∗
0
...
0

 .
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u´, -

H2 =

[
1 0

0 H̃2

]
,

=k

H2H1AH1H2 =


h11 h12
h21 h22
0 h32

∗

0 ∗

 .

Xd?1 n− 2 Ú, Ò�é� n− 2 � Householder C
�H1, · · · , Hn−2, ¦�

Hn−2 · · ·H1AH1 · · ·Hn−2 = H,
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Ù¥ H = [hij ] ÷v

hij = 0, i > j + 1,

=

H =



h11 h12 h13 · · · h1,n−1 h1n
h21 h22 h23 · · · h2,n−1 h2n

h32 h33 · · · h3,n−1 h3n
. . .

. . .
...

...
. . .

. . .
...

hn,n−1 hnn


. (7.4)

Ï~¡/X (7.4) ª�Ý
�þþþ Hessenberg ÝÝÝ


. y3-

Q0 = H1H2 · · ·Hn−2,

Kk
QT0AQ0 = H. (7.5)

Ï~¡©)ª (7.5) � A �þþþ Hessenberg ©©©))).
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Algorithm 1 (O�þ Hessenberg ©): þ Hessenberg C�{)

for k = 1 : n− 2

[v, β] = house(A(k + 1 : n, k))

A(k + 1 : n, k : n) = (I − βvvT )A(k + 1 : n, k : n)

A(1 : n, k + 1 : n) = A(1 : n, k + 1 : n)(I − βvvT )

end

ù��{O�Ñ�þ Hessenberg Ý
Ò��3 A ¤éA��;
ü�S, $�þ� 10n3/3; XJI�\È Q0 = H1 · · ·Hn−2, K
�I�2O\$�þ 4n3/3.
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½½½nnn: �A ∈ Rn×n kXeü�þ Hessenberg ©):

UTAU = H, V TAV = G, (7.6)

Ù¥ U = [u1, u2, · · · , un] Ú V = [v1, v2, · · · , vn] ´ n ���Ý

, H = [hij ] Ú G = [gij ] ´þ Hessenberg Ý
. e u1 = v1, 

� H �gé�� hi+1,i þØ�", K�3é��þ�1 ½−1 �
é�
 D, ¦�

U = V D, H = DGD. (7.7)

yyy²²²: b½é,� m (1 ≤ m < n) ®y

uj = εjvj , j = 1, · · · ,m, (7.8)

Ù¥ ε1 = 1, εj = 1 ½−1. e¡5y: �3 εm+1 = 1 ½−1, ¦�

um+1 = εm+1vm+1.

l (7.6) ª��

AU = UH, AV = V G.
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©O'�þ¡ü�Ý
�ª�1 m �, ��

Aum = h1mu1 + · · ·+ hmmum + hm+1,mum+1, (7.9)

Avm = g1mv1 + · · ·+ gmmvm + gm+1,mvm+1. (7.10)

©O3 (7.9) ªÚ (7.10) ªü>�¦ uTi Ú vTi , ��

him = uTi Aum, gim = vTi Avm, i = 1, · · · ,m,

2|^ (7.8) ªÒk

him = εiεmgim, i = 1, · · · ,m. (7.11)
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ò (7.11) ª�\ (7.9) ª, ¿|^ (7.8) ªÚ (7.10) ª, ��

hm+1,mum+1 = εm(Avm − ε21g1mv1 − · · · − ε2gmmvm)

= εm(Avm − g1mv1 − · · · − gmmvm)

= εmgm+1,mvm+1.

(7.12)

dd=�
|hm+1,m| = |gm+1,m|.


 hm+1,m 6= 0, � (7.12) ª%¹X

um+1 = εm+1vm+1,

Ù¥εm+1 = 1 ½ −1.
Ïd, d8B{�n=�½n�y.

��þ Hessenberg Ý
 H = [hij ], XJÙgé��þØ�",
=hi+1,i 6= 0 (i = 1, · · · , n− 1), K¡§´ØØØ�������. þã½nL
²: XJ QTAQ = H �Ø���þ Hessenberg Ý
, Ù¥ Q �
��Ý
, KQ Ú H ��d Q �1��(½(ùp´3����
�KÒ�¿Âe���).
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�Äéþ HessenbergÝ
 H ?1�g QR S��äN¢y¯K.
1�Ú´O� H � QR ©). du H �AÏ5, ù�Ú�
^ n− 1 �²¡^=C�5�¤. �n = 5, ¿b½®²(½
ü
�²¡^=C� P12 Ú P23, ¦� P23P12H kXe/G:

P23P12H =


× × × × ×
× × × ×

h33 × ×
h43 × ×

× ×

 .
,�2 (3, 4) �I²¡SÀJ²¡^=C� P34, ¦�

P34P23P12H

� (4, 3)  �þ����", =(½P34 = G(3, 4, θ3), ¦�^=
� θ3 ÷v [

cos θ3 sin θ3
− sin θ3 cos θ3

] [
h33
h43

]
=

[
×
0

]
.
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P34P23P12H ÒkXe/G:

P34P23P12H =


× × × × ×
× × × ×
× × ×
× ×
× ×

 .

éu��� n �þ Hessenberg Ý
 H, �±(½n− 1 �²¡^
=C� P12, P23, · · · , Pn−1,n, ¦�

Pn−1,nPn−2,n−1 · · ·P12H = R

´þn�
. -

Q = (Pn−1,nPn−2,n−1 · · ·P1,2)
T ,

KH = QR.
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e¡O�
H̃ = RQ = RP T12P

T
23 · · ·P Tn−1,n.

du P12 ´ (1, 2) �I²¡S�^=C�, Ïd RP T12 =kcü
�� R ØÓ, 
 RP T12 �cü�d R �cü���5|Ü�¤,
R q´þn�
, � RP T12 7kXe/G(n = 5 ��/):

RP T12 =


× × × × ×
× × × × ×

× × ×
× ×
×

 .
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Ó�, P23 ´ (2, 3) �I²¡S�^=C�, RP T12P
T
23 =k1�Ú

1n�� RP T12 ØÓ, §�´ RP T12 �1�Ú1n���5|Ü,
� RP T12P

T
23 kXe/G(n = 5 ��/):

RP T12P
T
23 =


× × × × ×
× × × × ×
× × × ×

× ×
×

 .

Xd?1e�, ��·���� H̃ E´��þ Hessenberg Ý
.

�ØJ�Ñ, ù�?1��g QR S��$�þ´ O(n2). 5
¿, é���
?1��g QR S��$�þ´ O(n3).
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��: £� QR S�

Ä�� QR �{´�5Âñ�, ÙÂñ�Ý�ûuA���m�
©l§Ý. �
\�ÙÂñ�Ý, aqu��{, �Ú?�: £.
�1 m ÚS�� £� µm, K������:::   £££��� QR SSS������ªªª X
e:

Hm − µmI = QmRm,

Hm+1 = RmQm + µmI,

ùp H0 = H ∈ Rn×n ´�½�þ Hessenberg Ý
.

   £££���ÀÀÀ���: du Hm �þ Hessenberg Ý
, �Ù���1=k

ü��"�� h
(m)
n,n−1 Ú h

(m)
n,n . e QR �{Âñ, K� m ¿©�

�, h
(m)
n,n−1 Òé�, Ï
 h

(m)
nn Ò�Cu H ���A��. �À�

 £� µm = h
(m)
nn .
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éuù�À�� £, e h
(m)
n,n−1 = ε, K

h
(m+1)
n,n−1 = O(ε2). (8.1)

ò Hm − h(m)
nn I �z¤þn�
I n− 1 Ú. yb½c

¡ n− 2 Ú®²�¤, Ï�c n− 2 ÚØUC Hm − h(m)
nn I ��

��1, Hm2 C�

H̃m2 =

[
α β
ε 0

]
,

�z�1 n− 1 ÚÒ´��� ε, =(½ c = cos θ Ú sin θ, ¦�[
c s
−s c

] [
α
ε

]
=

[
σ
0

]
.

l²¡^=C��½Â, �

c =
α

σ
, s =

ε

σ
, σ =

√
α2 + ε2.

ù�, ÏL{ü�O���

h
(m+1)
n,n−1 = −s2β = − β

σ2
ε2.
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8¹

1 Ä�VgÚ5�
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3 ��{
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V­Ú £� QR S�

��: £� QR S��3î­�":: eee A äääkkkEEE���ÝÝÝAAA���
���, KKK¢¢¢   £££������¿¿¿ØØØUUUååå���\\\���ÝÝÝ���^̂̂. �
�Ñù�":,
e¡50�VVV­­­ÚÚÚ   £££��� QR SSS���, ÙÄ�g�´òüÚ��:
��� QR S�Ü¿��Ú, ±;�Eê$�.
� A ∈ Rn×n, �	Xe�S��ª:

H1 = QT0AQ0, (þ Hessenberg ©))

Hk − µkI = QkRk, (QR ©))

Hk+1 = RkQk + µkI, k = 1, 2, · · · .
(9.1)

Ø���5, b½S��ª (9.1) ¥Ñy�þ Hessenberg Ý
Ñ
´Ø���. eØ,, 3S��,�Ú, ®k

Hk =

[
H

(k)
11 ∗
0 H

(k)
22

]
,

�±©Oé H
(k)
11 Ú H

(k)
22 ?1 QR S�=�.
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3�½^�e� £ µk = h
(k)
nn �å�\�Âñ��^. ¢Ý


�±kEA��, bX Hk ��Ü 2× 2 fÝ


Gk =

[
h
(k)
mm h

(k)
mn

h
(k)
nm h

(k)
nn

]
, m = n− 1,

k�éE�ÝA�� µ1 Ú µ2 �, ØUÏ" h
(k)
nn �ªÂñ

u A �,�A��, Ï
d«�/2� £� µk = h
(k)
nn Ò��

åØ�\�Âñ��^. �
\�Âñ, AT� µ1 ½µ2 � £.
�ù�Ò�9Eê$�, 
ù´ØF"�. �
;�E$��Ñ
y, �Ä µ1 Ú µ2 ëY�üg £, =?1Xe�S�:

H − µ1I = U1R1, H1 = R1U1 + µ1I,

H1 − µ2I = U2R2, H2 = R2U2 + µ2I,
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P H = Hk. éþ¡S�¤�)�Ý
?1�
{ü�í�, �
�

M = QR, (9.2)

H2 = Q∗HQ, (9.3)

Ù¥
M = (H − µ1I)(H − µ2I), (9.4)

Q = U1U2, R = R2R1. (9.5)

d (9.4) ª��
M = H2 − sH + tI, (9.6)

Ù¥

s = µ1 + µ2 = h(k)mm + h(k)nn ∈ R,
t = µ1µ2 = detGk ∈ R.

Ïd M ´��¢Ý
. XXXJJJ µ1 ÚÚÚ µ2 þþþØØØ´́́ H ���AAA������, ¿¿¿
bbb½½½333SSS���LLL§§§¥¥¥ÀÀÀ��� R1 ÚÚÚ R2 ���ééé������þþþ������êêê, KKK
ddd (9.2) ªªª���ííí���, Q ½½½´́́¢¢¢���. ���ddd (9.3) ªªª���H2 ���´́́¢¢¢���.

52 / 75



Ä�VgÚ5� �{ ��{ QR�{ f�mS��{ ¢ Schur IO/ þ Hessenberg z ��: £� QR S� V­Ú £� QR S� ÛªQR�{

3vkØ���¹e, ^ µ1 ½ µ2 ëY�üg £?1 QR S�
�)� H2 E´¢�þ Hessenberg Ý
.

¢SO��, du�\Ø��K�, Xd��� H2 ��¿Ø�
½´¢�.

�
(�O���� H2 E´¢�, �â (9.2) ªÚ (9.3) ª, ggg
,,,UUUXXXeee���ÚÚÚ½½½555OOO��� H2:
(1) O� M = H2 − sH + tI;
(2) O� M � QR ©): M = QR;
(3) O� H2 = QTHQ.

,,,


, XXXdddOOO������111���ÚÚÚ///¤¤¤ M ���$$$���þþþÒÒÒ´́́ O(n3). �,,
ù´ØF"�.

53 / 75



Ä�VgÚ5� �{ ��{ QR�{ f�mS��{ ¢ Schur IO/ þ Hessenberg z ��: £� QR S� V­Ú £� QR S� ÛªQR�{

c¡�½n�(Ø: ØØæ^�o���{�¦��Ý
 Q̃, ¦
� Q̃THQ̃ = H̃2 ´þ Hessenberg Ý
, ���y Q̃ �1��
�Q �1����, K H̃2 Ò� H2 ��þ´���(¤k���
ýé�Ñ��).

ùI� H2 ´Ø���5\±�y. Ïd, �� H2 ´Ø���,
Ò�ké��gdÝ�Ï¦�k���{5¢yd H � H2 �
C�. e¡�½n�Ñ H2 Ø���^�.

54 / 75



Ä�VgÚ5� �{ ��{ QR�{ f�mS��{ ¢ Schur IO/ þ Hessenberg z ��: £� QR S� V­Ú £� QR S� ÛªQR�{

e¡�½n�Ñ H2 Ø���^�.

Theorem 9.1

e H ´Ø���þ Hessenberg Ý
, � µ1 Ú µ2 þ� H �A
��, K H2 �´Ø���þ Hessenberg Ý
.

yyy²²² ^�y{. P H2 = [h̃ij ], ¿b½�3r(1 ≤ r ≤ n− 1), ¦

� h̃r+1,r = 0, 
h̃i+1,i 6= 0 (i = 1, · · · , r − 1).

'��ª HQ = QH2 ü>Ý
�c r �, �

Hqj = h̃1jq1 + · · ·+ h̃jjqj + h̃j+1,jqj+1, j = 1, · · · , r − 1,

Hqr = h̃1rq1 + h̃2,rq2 + · · ·+ h̃rrqr.

dd��
(α0I + α1H + · · ·+ αrH

r)q1 = 0, (9.7)

Ù¥
αr = (h̃21h̃32 · · · h̃r,r−1)−1 6= 0.
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d M = QR, �
q1 = r−111 Me1.

òÙ�\ (9.7) ª, ¿5¿� M �´ H �õ�ª, Òk

My = 0, (9.8)

Ù¥
y = (α0I + α1H + · · ·+ αrH

r)e1.

P H = [hij ], ¿5¿� H ´Ø���þ Hessenberg Ý
, ��
O��� y �1 r + 1 �©þ�(Å�¦HH · · ·He1)

αrh21h32 · · ·hr+1,r 6= 0,

�Ò´`�§| (9.8) k�"), 
ù� µ1 Ú µ2 þ� H �A
��%¹X M �ÛÉgñ.
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ù�, �±l,	�å»5¢yH � H2 �C�. Äk,
l (9.2) ª�, Q �1���M �1����(ÙÙÙ¢¢¢ Q ���111������
ÒÒÒ������uuuddd M ���111������üüü   zzz


���������). d (9.6) ªN´�Ñ

Me1 = (ξ1, ξ2, ξ3, 0 · · · , 0)T ,

Ù¥

ξ1 = (h
(k)
11 )2 + h

(k)
12 h

(k)
21 − sh

(k)
11 + t,

ξ2 = (h
(k)
21 )(h

(k)
11 + h

(k)
22 − s),

ξ3 = h
(k)
21 h

(k)
32 .

Ùg, XJ Householder C� P0 ò Me1 C
�αe1(α ∈ R,Me1 = αP0e1) , K P0 �1��� Me1 ��, lll



 P0 ���111������ÒÒÒ��������� Q ���111������, === P0e1 = Qe1.
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d'u Householder C��nØ�, P0 �±UXe�ª(½:

P0 = diag(P̃0, In−3),

Ù¥

P̃0 = I3 − βvvT , v =

ξ1 − αξ2
ξ3

 ,
α = (ξ21 + ξ22 + ξ23)1/2, β = 2/(vT v).

y-
B = P0HP0,

KKK������UUUééé���111���������e1 ���������ÝÝÝ


Q̃, ¦¦¦���Q̃TBQ̃ = H̃2 ���
þþþ Hessenberg ÝÝÝ


, @oH̃2 Ò´F"���H2.
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dc¡�z��Ý
�þHessenberg Ý
��{��, ù´N´
���.

�I(½n− 2 �Householder C�P1, P2, · · · , Pn−2, ¦�

Pn−2 · · ·P1BP1 · · ·Pn−2 = H̃

�þHessenberg Ý
, KQ̃ = P1 · · ·Pn−2 �1��Ò�e1.
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duB ¤äk�AÏ5, ¢yù��zL§¤I�$�þ=
�O(n2).

¯¢þ, du^P0 òH �qC��B �UC
H �cn1Úc
n�, �B kXe/G:

B = P0HP0 =



× × × × · · · × ×
× × × × · · · × ×
+ × × × · · · × ×
+ + × × · · · × ×

× · · · × ×
. . .

...
...

× ×


.

='þHessenberg Ý
õn��U��"��”+”.
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dB �ù«AÏ5´�, ^5�zB �þHessenberg Ý
�1�
�Householder C�P1 äkXe/G:

P1 = diag(1, P̃1, In−4),

Ù¥P̃1 �3 �Householder C�, 
�P1BP1 äkXe/G:

P1BP1 =



× × × × × · · · × ×
× × × × × · · · × ×
× × × × · · · × ×
+ × × × · · · × ×
+ + × × · · · × ×

× · · · × ×
. . .

...
...

× ×


.
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��/, 1k g�z¤^�Householder C�Pk äkXe/G:

Pk = diag(Ik, P̃k, In−k−3), k = 1, · · · , n− 3,

Ù¥P̃k �3 �Householder C�, 
�Pn−3 · · ·P1BP1 · · ·Pn−3 ä
kXe/G:

Pn−3 · · ·P1BP1 · · ·Pn−3 =


× · · · × × ×
× · · · × × ×

. . .
...

...
...

× × ×
+ × ×

 .

Ïd, ���g�z¤^�Householder C�Pn−2 äkXe/G:

Pn−2 = diag(In−2, P̃n−2),

Ù¥P̃n−2 �2 �Householder C�.
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Algorithm 2 (FrancisV­Ú £�QR S�)
m = n− 1

s = H(m,m) +H(n, n)

t = H(m,m)H(n, n)−H(m,n)H(n,m)

x = H(1, 1)H(1, 1) +H(1, 2)H(2, 1)− sH(1, 1) + t

y = H(2, 1)(H(1, 1) +H(2, 2)− s)
z = H(2, 1)H(3, 2)

for k = 0 : n− 3

[v, β] = house([x, y, z]T )

q = max{1, k}
H(k + 1 : k + 3, q : n) = (I − βvvT )H(k + 1 : k + 3, q : n)

r = min{k + 4, n}
H(1 : r, k + 1 : k + 3) = H(1 : r, k + 1 : k + 3)(I − βvvT )

x = H(k + 2, k + 1)

y = H(k + 3, k + 1)

if k < n− 3

z = H(k + 4, k + 1)

end

end

[v, β] = house([x, y]T )

H(n− 1 : n, n− 2 : n) = (I − βvvT )H(n− 1 : n, n− 2 : n)

H(1 : n, n− 1 : n) = H(1 : n, n− 1 : n)(I − βvvT )
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8¹

1 Ä�VgÚ5�

2 �{

3 ��{

4 QR�{

5 f�mS��{

6 ¢ Schur IO/

7 þ Hessenberg z

8 ��: £� QR S�

9 V­Ú £� QR S�

10 ÛªQR�{
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ÛªQR�{

QR�{���«k���{§�I��Ñ�«k���½O
K§5�½S�L§¤�)��þHessenbergÝ
�gé��Û
��±�ÑØO.�«{ü
¢^�OK´§�

|hi+1,i| 6 (|hi,i|+ |hi+1,i+1|)u

�§Òòhi+1,iw¤".ù���nd´§3c¡�zA�
þHessenbergÝ
�Ò®²Ú?
þ?�‖A‖Fu�Ø�.
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ÛªQR�{

£1¤Ñ\A.
£2¤þHessenbergzµO�A�þHessenberg©)§
�H = UT0 AU0;Q = U0.
£3¤Âñ5�½µ
£i¤r¤k÷v^�

|hi,i−1| 6 (|hi,i|+ |hi−1,i−1|)u
�hi,i−1�".
£ii¤(½����K�êmÚ����K�êl§¦�

H =

[ ]H11 H12 H13 l
0 H22 H23 n− l −m
0 0 H33 m
l n− l −m m

Ù¥H33�[þn�
§
H22´Ø���þHessenbergÝ
.
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£iii¤XJm = n§KÑÑk'&E§(å¶ÄK?1e�Ú.
£4¤QRS�µéH22��gV­Ú £�QRS��

H22 = P TH22P, P = P0P1 · · ·Pn−m−l−2.

£5¤O�

Q = Qdiag(Il, P, Im), H12 = H12P, H23 = P TH23,

,�=Ú£3¤.
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¢SO��ÚOL²§ù��{z©lÑ��1× 1½2× 2fÝ

²þI2gQRS�.Ïd§XJ�O�A��§K$�þ²þ
��10n3¶XJQÚTÑI�§K$�þ²þ�25n3.
Ø�©Û�(JI²§þã�{¤���¢SchurIO/T̂��
�qu���~�CA�Ý
§=

QT (A+ E)Q = T̂ , QTQ = I, ‖E‖2 ≈ ‖A‖2u;

O�¤��C�Ý
Q̂A�´���§=

Q̂T Q̂ = I + F, ‖F‖2 ≈ u,

ùpuL«Åì°Ý.
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Gram–Schmidt

(1) Compute r11 := ‖x1‖2. If r11 = 0, Stop, else, q1 = x1/r11.

(2) For j = 2, · · · , r, Do

(3) Compute rij := (xj , qi), for i = 1, 2, · · · , j − 1.

(4) q̂ = xj −
j−1∑
i=1

rijqi.

(5) rjj = ‖q̂‖2.

(6) If rjj = 0 stop, else q̂j = xj/rjj .

(7) End Do

X = [x1, · · · , xr], Q = [q1, · · · , qr], X = QR.
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Modified Gram–Schmidt

(1) Compute r11 := ‖x1‖2. If r11 = 0, Stop, else, q1 = x1/r11.

(2) For j = 2, · · · , r, Do:

(3) Define q̂ := xj .

(4) For i = 1, · · · , j − 1, Do:

(5) rij := (q̂, qi)

(6) q̂ := q̂ − rijqi
(7¤ End Do

(8) Compute rjj = ‖q̂‖2
(9) If rjj = 0 stop, else qj = q̂/rjj

(10) End Do
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Householder Orthogonalization Process

Let

R =


R11 R12 · · · R1r

R22 · · · R2r

. . .
...
Rrr


Hr · · ·H1X =

(
R
0

)
X = H1 · · ·Hr

(
R
0

)
= H1 · · ·HrErR

where Er is the first r columns of the identity matrix. Let
Q = H1 · · ·HrEr, we have

X = QR.
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Kantorovich Inequality

Theorem: Let A is a symmetric positive definite matrix with the
largest and smallest eigenvalues λN and λ1, respectively. Then

‖x‖2A‖x‖2A−1

‖x‖42
≤ (λN + λ1)

2

4λNλ1
for any x 6= 0.

Proof: Let Q ∈ RN×N be a unitary matrix such that

A = QTDQ with D a digonal matrix.

We only need to prove the result when ‖x‖2 = 1. Let
y = Qx = [y1, · · · , yN ]T . Then

‖x‖2A‖x‖2A−1 = (Dy, y)(D−1y, y) = λψ(y).

with λ =
N∑
i=1

y2i λi, ψ(y) =
N∑
i=1

y2i
1
λi

.
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Note that
N∑
i=1

y2i = 1. In addition, 1/x is a convex function. Hence

ψ(y) (a convex combination of 1/λ1, 1/λ2, · · · , 1/λN ) is bounded
from above by the line curve that joins (λ1, 1/λ1) and (λN , 1/λN ),
namely

ψ(y) ≤ 1

λ1
+

1

λN
− λ

λ1λN
.

This leads to

‖x‖2A‖x‖2A−1 ≤ λ
(

1

λ1
+

1

λN
− λ

λ1λN

)
.

The maximum of the right–hand side is reached when λ = λ1+λN
2

which proves the desired the result.
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Steepest Descent Methods

‖ek+1‖2A = (Aek+1, ek+1) = (rk+1, ek+1) = (rk+1, ek − αkrk)
= (rk+1, ek) = (rk − αkArk, ek)
= (rk, A

−1rk)− αk(rk, rk)

= ‖ek‖2A(1− ‖rk‖42
‖rk‖2A‖rk‖2A−1

)

≤
(
λN − λ1
λN + λ1

)2

‖ek‖2A.

Where we use

(rk, A
−1rk) = ‖ek‖2A and αk =

(rk, rk)

‖rk‖2A
.
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Biconjugate Gradient Method

(1) Compute r0 = b−Ax0. Choose r∗0 such that (r0, r
∗
0) 6= 0.

(2) Set p0 = r0, p∗0 = r∗0
(3) For j = 0, 1, · · · , until convergence Do:

(4) αj := (rj , r
∗
j )/(Apj , p

∗
j )

(5) xj+1 := xj + αjpj

(6) rj+1 := rj − αjApj
(7) r∗j+1 = r∗j − αjAT p∗j
(8) βj = (rj+1, r

∗
j+1)/(rj , r

∗
j )

(9) pj+1 = rj+1 + βjpj

(10) p∗j+1 = r∗j+1 + βjp
∗
j

(11) End Do

(rj , r
∗
i ) = 0 and (Apj , p

∗
i ) = 0, j 6= i.
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