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­�½n

Theorem 1.1 (444���444���½½½nnn)

�A ∈ Rn×n ´é¡Ý
§¿b½A �A���λ1 > · · ·λn§K
k

λi = max
χ∈Gni

min
06=u∈χ

uTAu

uTu

= min
χ∈Gnn−i+1

max
0 6=u∈χ

uTAu

uTu

Ù¥Gnk L«Rn ¥¤kk �f�m��N.
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½½½nnn(Weyl ½½½nnn)µµµ�n �é¡Ý
A ÚB �A��©O�µ

λ1 ≥ · · · ≥ λn Ú µ1 ≥ · · · ≥ µn

Kk
|λi − µi| ≤ ‖A−B‖2, i = 1, · · · , n

yyy²²²µµµ -C = A−B, Kk

A = B + C

λs = min max(uTAu)

Ù¥

uTu = 1, P Ti u = 0, P1, · · · , Ps−1 �s− 1 ��5Ã'��þ

Ïd§e��|AÏ�Pi, Ké�A�u, k

λs ≤ max(uTAu) = max(uTBu+ uTCu)
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eR ���Ý
, �¦�

RTBR = diag(µ1, · · · , µn)

K�Pi = Rei, ù�

λs ≤ max(uTBu+ uTCu) = max(uTRRTBRRTu+ uTCu)

Ï�RTu �cs− 1 �©þ�", Ïd

λs ≤ µs + max(uTCu)

Ï

|λs − µs| ≤ ‖u‖22‖C‖2 = ‖A−B‖2

y..

6 / 86



­�½n é¡QR �{ Jacobi �{ �©{ ©
£�{ ÛÉ�©)�O�

'uA��þ�¯a5§kXe(Øµ

Theorem 1.2

�A ÚA+ E ´ü�n �¢é¡Ý
§¿b½q1 ´A ���ü
 A��þ§Q = [q1, Q2] ´n ���Ý
§Q

TAQ ÚQTEQ ©
¬Xeµ

QTAQ =

[ ]
λ 0 1
0 D2 n− 1
1 n− 1

, QTEQ =

[ ]
ε eT 1
e E22 n− 1
1 n− 1

e

d = min
µ∈λ(D2)

|λ− µ| > 0, ‖E‖2 6
1

4
d,

K�3A+ E ���ü A��þq̂1§¦�

sin θ =
√

1− |qT1 q̂1|2 6
4

d
‖e‖2 6

4

d
‖E‖2,

7 / 86



­�½n é¡QR �{ Jacobi �{ �©{ ©
£�{ ÛÉ�©)�O�

½½½nnn(SVD ©©©)))½½½nnn)µµµ �A ∈ Rm×n, K�3��Ý

U ∈ Rn×n ÚV ∈ Rm×m ¦� 

V TAU =

(
Σr 0
0 0

)
Ù¥Σr = diag(σ1, · · · , σr), σ1 ≥ σ2 ≥ σr > 0. ¡V ��ÛÉ�
þÝ
, U �mÛÉ�þÝ


yyy²²²µµµÝ
ATA ���½Ý
, ÙA���σ21, σ
2
2, · · · , σ2n, Ù¥

σ1 ≥ σ2 · · ·σr > 0 = σr+1 = · · · = σn

�u1, · · · , un �σ21, σ22, · · · , σ2n éA�A��þ(IO���þ).
-U = [U1U2], Ù¥

U1 = [u1, u2, · · · , ur], U2 = [ur+1, · · · , un]

u´
UT1 A

TAU1 = Σ2
r .
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Ïd
Σ−1r UT1 A

TAU1Σ
−1
r = I

-V1 = AU1Σ
−1
r , �

V T
1 V1 = I

�V1 ���þ*düü��. �±ÀJm− r ��
þvr+1, · · · , vm ÚV1 ���þ�¤Rm ��|IO��Ä, P

V2 = [vr+1, · · · , vm]

KV = [V1V2] ����Ý
.
q�âU2 �½Â��

UT2 A
TAU2 = 0

=
AU2 = 0
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e¡5�yU = [U1U2] ÚV = [V1V2] =�½n¤I���Ý
.
Ï�

V TAU =

(
V T
1 AU1 V T

1 AU2

V T
2 AU1 V T

2 AU2

)
dAU2 = 0, �V T

2 AU2 = 0, V T
1 AU2 = 0. dV1 �½Â

V T
1 AU1 = (AU1Σ

−1
r )TAU1 = Σ−1r UT1 A

TAU1 = Σ−1r Σ2
r = Σr

V T
2 AU1 = V T

2 (AU1Σ−1r )Σr = V T
2 V1Σr = 0

y..
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��þ¡½n�{üíØ§kXe(Øµ

½½½nnnµµµ �A,B ∈ Rm×n, ¿b½§��ÛÉ�©O�

σ1 > · · · > σn, τ1 > · · · > τn,

Kk
|σi − τi| 6 ‖A−B‖2, i = 1, · · · , n.

ù�(JL²ÛÉ�½´�©û��.
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é¡ QR �{

ééé¡¡¡ QR ���{{{ Ò´¦)é¡A��¯K� QR �{, ´
ò QR �{A^ué¡Ý
, ¿�¿©|^Ùé¡5���.

nnnééé���zzzµµµ
e A ´ n �¢é¡Ý
, ¿b½ A þ� Hessenberg ©)�

QTAQ = T (2.1)

Ù¥ Q ´��Ý
, T ´þ Hessenberg Ý
, KN´�
y T 7´é¡n�
. Ïd, þ Hessenberg z¢�þÒ´né
�z. XJ3�zL§¥¿©|^Ùé¡5, �~�$�þ. òA
�Xe©¬

A =

[ ]
α1 vT0 1
v0 A0 n− 1
1 n− 1
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l�z��Ý
�þ Hessenberg Ý
� Householder Cz{Ø
JíÑ, |^ Householder C�ò A �z�é¡né�
�
1 k Ú�:
(1) O� Householder C� H̃k ∈ R(n−k)×(n−k), ¦�

H̃kvk−1 = βke1, βk ∈ R (2.2)

(2) O�

[ ]
1 αk+1 vTk

n− k − 1 vk Ak
1 n− k − 1

= H̃kAk−1H̃k.
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XJ^þã�zL§¤�)� αk, βk Ú H̃k ½Â

T =


α1 β1

β1 α2
. . .

. . .
. . . βn−1
βn−1 αn

 ,

Q = H1H2 · · ·Hn−2, Hk = diag(Ik, H̃k),

Ù¥ [
αn−1 βn−1
βn−1 αn

]
= H̃n−2An−3H̃n−2,

Kk
QTAQ = T,

=
A = QTQT ,

¿¡�� A �né�©).
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lþã�zL§N´wÑ, 1 k Ú�z�Ì�ó�þ´O
� H̃kAk−1H̃k. �

H̃k = I − βvvT , v ∈ Rn−k,

K|^ Ak−1 �é¡5, ´�

H̃kAk−1H̃k = Ak−1 − vwT − wvT ,

Ù¥

w = u− 1

2
β(vTu)v, u = βAk−1v.

ØJ�Ñ, |^ù��ª5O�, Ù$�þ=� 4(n− k)2.
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Algorithm 1 (O�né�©): Householder C�{)

for k = 1 : n− 2

[v, β] = house(A(k + 1 : n, k))

u = βA(k + 1 : n, k + 1 : n)v

w = u− (βuT v/2)v

A(k + 1, k) = ‖A(k + 1 : n, k)‖2
A(k, k + 1) = A(k + 1, k)

A(k+1 : n, k+1 : n) = A(k+1 : n, k+1 : n)−vwT−wvT

end

T�{��$�þ� 4n3/3 g¦{$�, 
�é¡Ý
�
þ Hessenberg zI��$�þ� 10n3/3; XJI�òC��Ý

\Èå5, K�I�O\$�þ 4n3/3.
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Ûªé¡ QR S�

�¤
r A �z�né�
 T �?Ö��, e��?ÖÒ´À
�·�� £?1 QR S�. dud� A �A��þ�¢ê,
Ï
2¦^V­Ú £Ò��vk7�
, �I�?1üÚ £
=�.
�Ä��: £� QR S��ª

Tk − µkI = QkRk, (QR ))

Tk+1 = RkQk + µkI, k = 0, 1, · · · ,

Ù¥ T0 = T ´né�
. du QR S��±þ Hessenberg /
Úé¡5�A:, þãS��ª�)� Tk Ñ´é¡né�
.
��é¡ QR �{Ø��, b½S�¥¤Ñy� Tk þ´Ø��
�, =Ùgé��Ø�".
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Wilkinson  £

k5?ØXÛÀ� £ µk �¯K. l�é¡ QR S��?Ø�
�, �{ü��{´� µk = Tk(n, n). ,
, �Ð��{´
� µk �Ý


Tk(n− 1 : n, n− 1, n) =

[
αn−1 βn−1
βn−1 αn

]
�ü�A���¥�C αn �@��, =�

µk = αn + δ − sgn(δ)
√
δ2 + β2n−1, (2.3)

Ù¥ δ = (αn−1 − αn)/2. ùÒ´ Wilkinson    £££. Wilkinson Q
²y²
ùü« £�ªÑ´ngÂñ�, ¿�`²
��o�
ö'cöÐ.
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25�ÄXÛäN¢y�gé¡ QR S�:

T − µI = QR, T̃ = RQ+ µI. (2.4)

�,�±|^ Givens C�5��¢y T − µI � QR ©), ?

�¤�ÚS�. �´, �¤���{´±Û¹��ª5¢
y T � T̃ �C�.

S� (2.4) �¢�´^��C�ò T C� T̃ , = T̃ = QTTQ.
Ïd, �â Hessenberg ©)½n, T̃ ��þ´d Q �1���
�(½�. l|^ Givens '@�¢y T − µI � QR ©)�O
�L§��, Qe1 = G1e1, Ù¥ G1 = G(1, 2, θ) ´ÏL (1,2) ²
¡�^=ò T − µI �1��1����C�"�, = θ ÷v[

cos(θ) sin(θ)
− sin(θ) cos(θ)

] [
α1 − µ
β1

]
=

[
∗
0

]
.
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-
B = G1TG

T
1 ,

K B £~X n = 4 ¤kXe/G:

B =


× × + 0
× × × 0
+ × × ×
0 0 × ×

 ,
='é¡né�
õü��"��/+0. �âc¡�½n, �
Iò B ^ Givens C��z�né�
, =���¤I�né�

 T̃ . ù��zL§ØJle¡ n = 4 �~f¥²x:

B
G2−−→


× × 0 0
× × × +
0 × × ×
0 + × ×

 G3−−→


× × 0 0
× × × 0
0 × × ×
0 0 × ×

 ,
Ù¥ Gi = G(i, i+ 1, θi), i = 2, 3.
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Algorithm 2 (� Wilkinson  £�Ûªé¡ QR S�)

d = (T (n− 1, n− 1)− T (n, n))/2

µ = T (n, n)− T (n, n− 1)2/(d+ sgn(d)
√
d2 + T (n, n− 1)2)

x = T (1, 1)− µ; z = T (2, 1)

for k = 1 : n− 1

[c, s] = givens(x, z)

T = GkTG
T
k , Ù¥ Gk = G(k, k + 1, θ)

if k < n− 1

x = T (k + 1, k); z = T (k + 2, k)

end

end
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Ûªé¡ QR �{

a'u�é¡ QR �{, nÜþ¡�?Ø, ��Xe�{:

(1) Ñ\ A (¢é¡Ý
)
(2) né�z: ^�{ 1 O� A �né�©), �

T = UT0 AU0; Q = U0.

(3) Âñ5�½:
(i) r¤k÷v^�

|ti+1,i| = |ti,i+1| ≤ (|tii|+ |ti+1,i+1|)u
� ti+1,i Ú ti,i+1 �".
(ii) (½����K�� m Ú����K�ê l , ¦

�

T =

[ ]T11 0 0 l
0 T22 0 n− l −m
0 0 T33 m
l n− l −m m

,
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Ù¥ T33 �é�
, 
 T22 �Ø���né�
.
(iii) XJ m = n, KÑÑk'&E, (å; ÄK, ?1e�Ú.

(4) QR S�: é T22 ^�{ S��g�

T22 = GT22G
T , G = G1G2 · · ·Gn−m−l−1.

(5) Q = Qdiag(Il, G, Im), ,�=Ú (3) .

XJ�O�A��, KT�{�$�þ²þ�� 4n3/3; XJA�
�ÚA��þÑI�, K$�þ²þ�� 9n3.

ù��{´Ý
O�¥�¤���{��. Ø�©Û(JL²,
T�{O����A�� λ̃1, · · · , λ̃n ÷v

QT (A+ E)Q = diag(λ̃1, · · · , λ̃n),

Ù¥ Q ∈ Rn×n ´��Ý
, ‖E‖2 ≈ ‖A‖2u. 2d½n 7.1.3 �

|λi − λ̃i| ≈ ‖A‖2u, i = 1, · · · , n,
Ù¥ λi ∈ λ(A).
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²;Jacobi �{

�A = [αij ] ´n× n¢é¡Ý
. Jacobi �{�8IÒ´òA �
�é�“�ê”

E(A) = (‖A‖2F −
n∑
i=1

α2
ii)

1
2 = (

n∑
i=1

n∑
j=1,j 6=i

α2
ij)

1
2 (3.1)

ÅÚz�".
�½Xe�^=C�:

J(p, q, θ) = I+(cosθ−1)(epe
T
p +eqe

T
q )+ sinθ(epe

T
q −eqeTp ) (3.2)

Ù¥b½p < q, ek L«ü Ý
�1k �. Jacobi �{Ä�Ú½:

(1) ÀJ^=²¡(p, q), 1 ≤ p < q ≤ n;
(2) (½^=²¡θ, ¦�:(

βpp βpq
βqp βqq

)
=

(
c −s
s c

)(
αpp αpq
αqp αqq

)(
c s
−s c

)
(3) éA ��qC�: B = [βij ] = JTAJ , Ù¥J = J(p, q, θ).
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5¿A �B �31p 1(�)Ú1q 1(�)ØÓ, ¦��mkXe'
X:

βip = βpi = cαip − sαiq, i 6= p, q

βiq = βqi = −sαip + cαiq, i 6= p, q

βpp = c2αpp − 2scαpq + s2αqq

βqq = s2αpp + 2scαpq + c2αqq

βpq = βqp = (c2 − s2)αpq + sc(αpp − αqq)

�
¦βpq = βqp = 0, �duO�s, c ¦�:

αpq(c
2 − s2) + (αpp − αqq)cs = 0 (3.3)
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XJαpq = 0, K�I�c = 1, s = 0. eαpq 6= 0, -:

τ =
αqq − αpp

2αpq
, t = tanθ =

s

c

�\þª, �t �:
t2 + 2τt− 1 = 0

�). ù��t kü«ÀJ, ·�À�Ùýé������. =:

t =
sgn(τ)

|τ |+
√

1 + τ2
(3.4)

ù�À��±�yθ ≤ π
4 . �âþã?Ø, (½c, s Xe:

c =
1√

1 + t2
, s = tc. (3.5)
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e¡?ØN�À�^=²¡. duF �ê�jØC�ê,
=‖A‖F = ‖B‖F . ,��¡, k

α2
pp + α2

qq + 2α2
pq = β2pp + β2qq + 2β2pq = β2pp + β2qq

u´

E(B)2 = ‖B‖2F −
n∑
i=1

β2ii

= ‖A‖2F −
n∑
i=1

α2
ii + (α2

pp + α2
qq − β2pp − β2qq)

= E(A)2 − 2α2
pq
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ù�, �(p, q) �:

|αpq| = max1≤i<j≤n|αij | (3.6)

¦�E(B) ¦�U��.

²;Jacobi �Ä�S��ªXe:

Ak = [α
(k)
ij ] = JTk Ak−1Jk, k = 1, 2, · · · , (3.7)

Ù¥A0 = A,Jk ´éAk−1 ^�c��{(½�Jacobi C�.

½½½nnn(Jacobi ���{{{���ÂÂÂñññ555)µµµ �3A �A�����ü
�λ1, λ2, · · · , λn, ¦�:

lim
k→∞

Ak = diag(λ1, λ2, · · · , λn) (3.8)

yyy²²²: ky²limk→∞E(Ak) = 0. dc¡�?Ø, �:

E(Ak)
2 = E(Ak−1)

2 − 2(α
(k−1)
pq )2 (3.9)
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ùpα
(k−1)
pq ´Ak−1 ��é���¥ýé���ö.qk:

E(Ak−1)
2 ≤ n(n− 1)(α(k−1)

pq )2 (3.10)

Ïd:

E(Ak)
2 ≤ (1− 1

N
)E(Ak−1)

2

Ù¥N = 1
2n(n− 1), dd��limk→∞E(Ak) = 0.

2y²�3A �A�����ü�λ1, λ2, · · · , λn, ¦�:

lim
k→∞

α
(k)
ii = λi, i = 1, 2, · · · , n (3.11)

b½A pØ�Ó�A���m���må�δ, =:

δ = min{|µ− λ| : λ, µ ∈ λ(A), λ 6= µ}
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?��êε < δ/4, Kdlimk→∞E(Ak) = 0 �, �3k0 ¦k ≥ k0
�k:

E(Ak) < ε < δ

5¿�λ(Ak0) = λ(A), éÝ
Ak0 �Ùé���¤�é�


Dk0 = diag(α
(k0)
11 , αk022, · · · , α

(k0)
nn )

A^Weyl ½n: �3A �A�����ü�λ1, λ2, · · · , λn, ¦�:

|λi − α(k0)
ii | ≤ ‖Ak0 −Dk0‖2 ≤ E(Ak0) < ε < δ/4 (3.12)

i = 1, 2, · · · , n
ù���Uy²þª%¹X

|λi − α(k0+1)
ii | < ε, i = 1, 2, · · · , n (3.13)

Kd8B{�n�, é���k ≥ k0 k

|λi − α(k)
ii | < ε, i = 1, 2, · · · , n

l
y²
(3.11).
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duAk0+1 �Ak0 �é����Ukü�ØÓ(α
(k0+1)
pp

Úα
(k0+1)
qq ), ��Iy²(3.13) ªéi = p, q ¤á=�. d()()()

ª,k

α(k0+1)
pp = α(k0)

pp + c2(−2tα(k0)
pq + t2(α(k0)

qq − α(k0)
pp ))

(α
(k0)
qq − α(k0)

pp = 2τα
(k0)
pq =

2τtα
(k0)
pq

t
=

(1− t2)α
(k0)
pq

t
)

= α(k0)
pp + c2(−2tα(k0)

pq + t(1− t2)α(k0)
pq )

= α(k0)
pp − tα(k0)

pq

Ón�y:
α(k0+1)
qq = α(k0)

qq + tα(k0)
pq
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ù�, é?Ûλj 6= λp, k:

|α(k0+1)
pp − λj | = |α(k0)

pp − λp + λp − λj + tα(k0)
pq |

≥ |λp − λj | − |α(k0)
pp − λp| − |t|E(Ak0)

≥ δ − ε− ε ≥ 2ε

ùp^�
|t| ≤ 1. d	,duλ(Ak0) = λ(A) ÚE(Ak0+1) < ε, Ï

dα
(k0+1)
pp 7L�A �,�A���m�ål�uε. ù�(3.13)

éi = p ¤á. aq�ki = q ¤á. y..

þã½n�Ñ
²;Jacobi �{�Âñ�Ý���oÑ�O:

E(Ak)
2 ≤ (1− 1

N
)kE(A0)

2.
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Ì�Jacobi �{9ÙC/

Uì,«ýk�½�^Séz��é��TÐ���g��{¡
�Ì�Jacobi �{. �g,�Ì�Jacobi �{UìXe^S5×
£:

(p, q) = (1, 2), · · · , (1, n); (2, 3), · · · , (2, n); · · · ; (n− 1, n)

éþã�{����K�,=�kýé��uT���é��¤
3²¡âI�?1Jacobi C�,,�ÏLØÊ~�K���Âñ
�L§.ù«�{·�¡�L'Jacobi �{. ~^�À��{k:

δ0 = E(A), δk =
δk−1
σ

, k = 1, 2, · · · , n

Ù¥σ ≥ n´���½~ê. �±y²: Uìù�À�K��L
'Jacobi �{´Âñ�.
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Jacobi �{kXe`::

(1) O�A��þ�B. XJ²Lk gC��S�Ê�
, Kk:

Ak = JTk J
T
k−1 · · · JT1 AJ1J2 · · · Jk

P:
Qk = J1J2 · · · Jk

Kk:
AQk = QkAk

þãL²Qk ���þÒ´A �éÐ�CqA��þ.

(2) Jacobi �{�©|u¿1. Ï��p1 6= p2, q1 6= q2 �, é
u(p1, q1) �C�Ú(p2, q2) �C�´pØK��.
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8¹

1 ­�½n

2 é¡QR �{

3 Jacobi �{

4 �©{

5 ©
£�{

6 ÛÉ�©)�O�
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�©{

�©{Ì�´^5¦)¢é¡né�Ý
�A����«�{.
�¢é¡né�Ý
:

T =


α1 β2
β2 α2 β3

. . .
. . .

. . .
. . .

. . . βn
βn αn


�ÄT �A���O�. Ø���5, b½βi 6= 0(i = 2, · · · , n),
=b½T ´Ø���é¡né�
. ÄK�±òA z����Ø
��é¡né�Ý
.
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Ppi(λ) �T − λI�i �^SÌfª, �±��:

p0(λ) ≡ 1, p1(λ) = α1 − λ,

pi(λ) = (αi − λ)pi−1(λ)− β2i pi−2(λ) (4.1)

i = 2, · · · , n

duT ´¢é¡, ¤±pi(λ)(i = 1, · · · , n) ��Ñ´¢�.
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½½½nnnµµµ pi(λ) kXe5�:

(1) �3�êM , ¦��λ > M �,kpi(−λ) > 0, 
pi(λ) �Î
Ò�(−1)i;

(2) ��ü�õ�ªvkú��
(3) epi(µ) = 0, Kpi−1(µ)pi+1(µ) < 0
(4) pi(λ) ���´ü­�, ¿�pi(λ) ��î�©�pi+1(λ) ��

yyy²²²µµµ dupiλ ´T − λI�1i �^SÌfª, �ÙÄ�
�(−1)iλi. dd�(1) ¤á.

(2) ^�y{. b��3,�i, ¦�pi−1(λ) �pi(λ) kú��µ,
=: pi−1(µ) = pi(µ) = 0, K:

0 = pi(µ) = (αi − µ)pi−1(µ)− β2i (µ)pi−2(µ) = −β2i pi−2(µ)

�®b½βi 6= 0, �þª%¹Xpi−2(µ) = 0. ù�, d

pi−2(µ) = pi−1(µ) = 0

q�íÑpi−3(µ) = 0. ±daíkp0(µ) = 0 gñ. ¤±(2) �y.
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(3) �d�½n�(Ø(2) Ú(4.1) ªá=íÑ. �pi(µ) = 0, K

pi+1(µ)pi−1(µ) = −β2i+1(pi−1(µ))2 < 0

(4) ^êÆ8B{5y². �i = 1, p1(λ) = α1 − λ, =α1 ´p1(λ)
��. ,��¡, p2(α1) = −β22 < 0, 
�½n�(Ø(1) %¹�λ
¿©��p2(−λ) Úp2(λ) þ�u", Ïd3(−∞, α1) �(α1,+∞)
�S�kp2(λ) ����. ù�, éi = 2 ®y²(4) ¤á.

b�®²y²
(4) éi = k ¤á, =b½®²y²
pk−1(λ)
Úpk(λ) ��Ñ´ü�, ¿�pk−1(λ) ��î�©�pk(λ) ��.
�pk−1(λ) Úpk(λ) ��©O�

ν1 < ν2 < · · · < νk−1 Ú µ1 < µ2 < · · · < µk

Kd8Bb�k

µ1 < ν1 < µ2 < ν2 < · · · < νk−1 < µk (4.2)
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A^4íª(4.1), k

pk+1(µj) = −β2k+1pk−1(µj), j = 1, · · · , k (4.3)

d(Ø(1) Úpk−1(νj) = 0 (1 ≤ j ≤ k − 1) N´íÑ, (4.2) %¹
X

(−1)j−1pk−1(µj) > 0, j = 1, · · · , k
u´, dª�

(−1)jpk+1(µj) > 0, j = 1, · · · , k

25¿�é¿©���êµ k

pk+1(−µ) > 0 Ú (−1)k+1pk+1(µ) > 0

=�3«m

(−∞, µ1), (µ1, µ2), · · · , (µk−1, µk), (µk,+∞)

SÑkpk+1(λ) ��. ùp�kk + 1 �«m, 
pk+1(λ) �
kk + 1 ��, Ïd, 3z�«mSk�=kpk+1(λ) ����. Ï
d(4) �y.
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555)))µµµ þã½n�1o^5�L², n Ø��¢é¡né�Ý

kn �pØ�Ó�A��.

éu?¿�½�¢êµ, ½Âsk(µ) ´ê�p0(µ), · · · , pk(µ) �
CÒê. ùp5½: epi(µ) = 0, Kpi(µ) �pi−1(µ) ÓÒ(�â�
c�?Ø�, pi−1(µ) Ø�U½�").
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½½½nnnµµµb�T �Ø��¢é¡né�Ý
, Ksk(µ) (1 ≤ k ≤ n)
TÐ´pk(λ) 3«m(−∞, µ) S��ê.
yyy²²²µµµ ^êÆ8B{5y². �k = 1 �, (Øw,¤á. yb
��k = l �(Ø¤á. �pl(λ) Úpl+1(λ) ��©O�

µ1 < µ2 < · · · < µl Ú λ1 < λ2 < · · · < λl+1

Kd½n�(Ø(4) �

λ1 < µ1 < λ2 < µ2 < · · · < µl < λl+1 (4.4)

2�sl(µ) = m, Kd8B{b�k

µm < µ ≤ µm+1

ù�dþª�µ ¤3� �kü«�U5:

λm < µm < µ ≤ λm+1 ½ λm+1 < µ ≤ µm+1

5¿�

pl(µ) = Πl
i=1(µi − µ), pl+1(µ) = Πl+1

i=1(λi − µ) (4.5)
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K�λm < µm < µ ≤ λm+1 ¤á�, �pl(µ) �pl+1(µ) ÓÒ(=
¦µ = λm+1, U5½½kdüêÓÒ).
ù�sl+1(µ) = sl(µ) = m, �Ð´pl+1(λ) 3«m(−∞, µ) S��
�ê.

�λm+1 < µ ≤ µm+1 ¤á�, ©ü«�¹5ysl+1(µ) = m+ 1:

(1) eµ < µm+1, Kd(4.5) ª�, d�pl(µ) �pl+1(µ) ÉÒ, Ï

sl+1(µ) = sl(µ) + 1 = m+ 1.

(2) eµ = µm+1, Kd�kpl(µ) = 0. u´U5½d�pl(µ)
�pl−1(µ) ÓÒ. 
½n�(Ø(3) L², d�pl−1(µ)
�pl+1(µ) ÉÒ, Ïdpl+1(µ) �pl(µ) ÉÒ,
=sl+1(µ) = sl(µ) + 1 = m+ 1.

ù�, Òy²
ÃØ=«�¹, Ñksl+1(µ) �Ð�upl+1(µ) 3
«m(−∞, µ) S���ê. d8B{�n�½n�y.
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3þã½n¥-k = n =�Xe(Ø:

íííØØØµµµ eT ´Ø���¢é¡né�Ý
, Ksn(µ) �Ð´TÝ

3«m(−∞, µ) SA����ê.

|^ù�íØ, �±^�©{5¦T �?Û���½�A��.
�T �A���

λ1 < λ2 < · · · < λn

K7k
|λi| < ρ(T ) ≤ ‖T‖∞
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b½F"¦T �1m �A��λm. k�

l0 = −‖T‖∞, u0 = ‖T‖∞
Kλm 73«m[l0, u0] S. �[l0, u0] �¥:r1 = (l0 + u0)/2, ¿O
�sn(r1).

(1) esn(r1) ≥ m, Kλm ∈ [l0, r1], u´�l1 = l0, u1 = r1;

(2) ÄK, λm ∈ [r1, u0], u´�l1 = r1, u1 = u0;

(3) �d�e�, �«mv
���±^T«m�¥:�Oλm.

�
;�p�õ�ª�O�N´u)ÄÑ, ½Â

qi(λ) =
pi(λ)

pi−1(λ)
, i = 1, · · · , n

|^úª(4.1) ��:

q1(λ) = p1(λ) = α1 − λ

qi(λ) = αi − λ−
β2i

qi−1(λ)
, i = 2, · · · , n

dd�, sn(µ) �Ð´ê�q1(µ), · · · , qn(µ) ¥Kê��ê.
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O�CÒê�{

x = [α1, α2, · · · , αn]

y = [0, β2, · · · , βn]

s = 0; q = x(1)− µ
for k = 1 : n

if q < 0

s = s+ 1

end

if k < n

if q = 0

q = |y(k + 1)|u
end

q = x(k + 1)− µ− y(k + 1)2/q

end

end
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8¹

1 ­�½n

2 é¡QR �{

3 Jacobi �{

4 �©{

5 ©
£�{

6 ÛÉ�©)�O�
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©
£�{

©©©


£££���{{{´¦¢é¡né�
��ÜA��ÚA��þ��
«ê��{, ´d Dongarra Ú Sorensen u 1987 cÄkJÑ�.
Ä�g�:

(1) kò�½�é¡né�
/©�0¤ 2k �$��é¡né
�
;

(2) ,�©O¦Ñz�$��é¡né�
�Ì©);
(3) ��òù
$�Ì©)/�Ü03�å���Ý
�Ì©
).

Ïd, ù��{AO·^u¿1O�. �

T =



α1 β2
β2 α2 β3

β3 α3 β4
. . .

. . .
. . .

βn−1 αn−1 βn
βn αn


(5.1)

´���½�¢é¡né�
, ¿b½ n = 2m. 50 / 86
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©©©���

½Â v ∈ Rn �

v = (0, · · · , 0, 1, θ, 0, · · · , 0)T ,
m m+ 1

(5.2)

¿�ÄÝ
 T̃ = T − ρvvT , Ù¥ θ Ú ρ ´�½¢ê. ´�,
T̃ Ø
¥mo����[

αm − ρ βm+1 − ρθ
βm+1 − ρθ αm+1 − ρθ2

]
	, Ù{��� T �����. Ïd, bX·�� ρθ = βm+1,
Kk

T =

[
T1 0
0 T2

]
+ ρvvT , (5.3)
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T1 =



α1 β2
β2 α2 β3

β3 α3 β4
. . .

. . .
. . .

βm−1 αm−1 βm
βm α̃m



T2 =


α̃m+1 βm+2

βm+2 αm+2 βm+3

βm+3
. . .

. . .
. . . αn−1 βn

βn αn


ùp α̃m − ρ, α̃m+1 = αm+1 − ρθ2. ù�, ò T ©����©¬
Ý
Ú��� 1 Ý
�Ú. XJI�, ��±é T1 Ú T2 ?1
/X (5.3) ª�©�. Xde�, Ò�ò T ©�� 2k ¬.
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�Ü

b½®²¦� T1 Ú T2 �Ì©)

QT1 T1Q1 = D1, QT2 T2Q2 = D2,

Ù¥ Q1 Ú Q2 ´ m ���Ý
, D1 Ú D2 ´é�
.

e¡|^ T1 Ú T2 �Ì©)5¦Ñ T �Ì©), =¦��Ý

 V , ¦�

V TTV = diag(λ1, · · · , λn). (5.4)
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-

U =

[
Q1 0
0 Q2

]
,

K

UTTU =

[
Q1 0
0 Q2

]T ([
T1 0
0 T2

]
+ ρvvT

)[
Q1 0
0 Q2

]
= D + ρzzT ,

(5.5)

Ù¥,
z = UT v, D = diag(D1, D2).

ù��5, �¦ T �Ì©)�¯KÒ8(�¦ D + ρzzT �Ì
©)�¯K.
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ÚÚÚnnnµµµ �D = diag(d1, . . . , dn) ∈ Rn×n ÷v

d1 > d2 > · · · > dn

¿b½ρ ´���"¢ê§z ∈ Rn �©þþØ�". X
Ju ∈ Rn Úλ ∈ R ÷v

(D + ρzzT )u = λu, u 6= 0

KzTu 6= 0§
�D − λI�ÛÉ.

yyy²²²µµµ ezTu = 0§KDu = λu§u 6= 0§=λ ´D �A��§u
´áuλ �A��þ. 
®�D ´é��pØ�Ó�é�
§�
7k,�i§¦�di = λ§
�u = αei§α 6= 0. ù�Bk

0 = zTu = αzT ei

ù�z �©þþØ�"�b½gñ. Ïd§7kzTu 6= 0.
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d	§eD − λIÛÉ§K7k,�i§¦�eTi (D − λI) = 0§l

k

0 = eTi (D − λI)u = −ρzTueTi z

�ρzTu 6= 0§�7keTi z = 0. ù½�z �©þþØ�"gñ.

555)))µµµ3þãÚn�^�e§u Ø´D �A��þ. ÄK,
u = αei. u´

(D + ρzzT )ei = λei, z = (λei −Dei)/(ρzT ei).

ùÚz �©þþØ�"gñ.
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½½½nnnµµµ 3þ��Ún�b�^�e§2b½D + ρzzT �Ì©)
�

V T (D + ρzzT )V = diag(λ1, . . . , λn)

Ù¥V = [v1, . . . , vn] ���
§λ1 ≥ · · · ≥ λn§Kk

(1) λ1, . . . , λn �Ð´¼ê

f(λ) = 1 + ρzT (D − λI)−1z

�n �":.

(2) �ρ > 0 �§kλ1 > d1 > λ2 > d2 > · · · > λn > dn; 

�ρ < 0 �§kd1 > λ1 > d2 > λ2 > · · · > dn > λn.

(3) �3~êαi 6= 0§¦�vi = αi(D − λiI)−1z§i = 1, . . . , n.
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yyy²²²µµµ d®�^��

(D + ρzzT )vi = λivi, ‖vi‖2 = 1

u´lcãÚn�§D − λiI�ÛÉ§l
k

vi = −ρzT vi(D − λiI)−1z, i = 1, . . . , n (5.6)

ùÒy²
(3) ¤á§Ó��y²
D + ρzzT �A��pØ�
Ó(ÄÄÄKKK§§§XXXJJJλi = λj§§§KKKkkkvi ���vj ���555���'''§§§ùùù���vi ���vj ���
ppp������gggñññ)

3 (5.6) ªü>�¦zT§¿5¿�zT vi 6= 0§=k

1 = −ρzT (D − λiI)−1z

=
f(λi) = 0, i = 1, . . . , n

ù`²λi (i = 1, . . . , n) þ´f(λ) �":.
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e¡5yf(λ) �Ðkn �":.
�z = (ξ1, . . . , ξn)T§K

f(λ) = 1 + ρ(
ξ21

d1 − λ
+ · · ·+ ξ2n

dn − λ
)

u´k

f
′
(λ) = ρ[

ξ21
(d1 − λ)2

+ · · ·+ ξ2n
(dn − λ)2

]

Ïd§f(λ) 3?¿��ü4:di Údi+1 �m´î�üN�µ

(1) ρ > 0 �§î�O\¶
(2) ρ < 0 �§î�~�.

dd´�§f(λ) �Ðkn �":§
��ρ > 0 �§§��Ð©
O uXe�n �«mµ

(dn,dn−1), . . . , (d2,d1), (d1,+∞);

�ρ < 0 �§§��Ð©O uXe�n �«mµ

(−∞, dn), (dn, dn−1), . . . , (d2, d1);

ddá=�½n�(Ø(1) Ú(2) ¤á.
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3c¡�^�e§�±UìXeüÚ¯�!­½/¦
ÑD + ρzzT �Ì©)µ

1�Ú§¦f(λ) �":λ1, . . . , λn. duz�«mS=
kf(λ) ���":§
�f(λ) 3«mSî�üN§Ïdù
�Ú�±A^Newton a.��{¯�!­½�¢y.

1�Ú§O�

vi =
(D − λiI)−1z

‖(D − λiI)−1z‖2
, i = 1, . . . , n

ù�Ú�,½�±¯�!­½/¢y.
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éu��D + ρzzT �Ì©)½�±8(�cã½n��/. �
d§�E5�y²e¡�(J.

½nµ �D = diag(d1, . . . , dn) ∈ Rn×n, z ∈ Rn, K�3��Ý

V Ú{1, . . . , n} ���ü�π§¦�

(1) V T z = (ξ1, . . . , ξr, 0, . . . , 0︸ ︷︷ ︸
n−r�

)T ÷vξi 6= 0 (i = 1, . . . , r)¶

(2) V TDV = diag(dπ(1), . . . , dπ(n)) ÷v

dπ(1) > dπ(2) > · · · > dπ(r)
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yyy²²²µµµ XJkü��Ii < j§¦�di = dj§K��(i, j) �I²
¡S�²¡^=C�Pij = G(i, j, θ)§¦�Pijz �1j �©þ�
"§
�

P TijDPij = D

ù�?1eZÚ��§Ò�±é���d�
²¡^=C��¦
È�¤���Ý
V1§¦�

V T
1 DV1 = D


�
V T
1 z = (ξ1, . . . , ξn)T

÷vµeξiξj 6= 0 (i 6= j) §K7kdi 6= dj .
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,�§éV T
1 z�©þ?1eZgüüé�§�¦Ù¤kØ�"�

©þÑ u§�c¡§=�é���ü��
P1§¦�

P1V
T
1 z = (ξπ1(1), . . . , ξπ1(n))

T

ξπ1(i) 6= 0, i = 1, . . . , r

ξπ1(i) = 0, i = r + 1, . . . , n

Ù¥π1 ´{1, . . . , n} ���ü�. dP1 ��{�§Ý


P T1 V
T
1 DV1P1 = P T1 DP1 = diag(dπ1(1), . . . , dπ1(n))

�cr �é��dπ1(1), . . . , dπ1(r) pØ�Ó.
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��§édπ1(1), . . . , dπ1(r) ?1eZgé�§¦§�Ul���
�gSü�§=�é���r �ü��
P2§¦�

P T2 diag(dπ1(1), . . . , dπ1(r))P2 = diag(µ1, . . . , µr)

Ù¥µ1, µ2, . . . , µr ´ddπ1(1), . . . , dπ1(r) l���ü�
��
�§=

µ1 > µ2 > · · · > µr

y-

V = V1P1diag(P2, In−r)

V T z = (ξ1, . . . , ξn)T

V TDV = diag(dπ(1), . . . , dπ(n))

(5.7)

Ù¥π ´dP1 ÚP2 û½�{1, . . . , n} ���ü�§Kk

ξi 6= 0, i = 1, . . . , r ξr+1 = · · · = ξn = 0

dπ(1) > dπ(2) > · · · > dπ(r)

=½n�y.
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dþã½n��, éu?¿D = diag(d1, . . . , dn) ∈ Rn Úz ∈ Rn

��EÑ����Ý
V§¦�

V T (D + ρzzT )V =

[ ]
D1 + ρwwT 0 r

0 D2 n− r
r n− r

Ù¥

D1 = diag(dπ(1), . . . , dπ(r)), dπ(1) > dπ(2) > · · · > dπ(r)

D2 = diag(dπ(r+1), . . . , dπ(n))

w = (ξ1, . . . , ξr)
T , ξ 6= 0, i = 1, . . . , r
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Ïd§�¦D + ρzzT �Ì©)�I¦ÑD1 + ρwwT �Ì©)=
�§
�ö®´2c¡�½n¤ã��/§�±¯�­½�¦
Ñ.

3¢SO��§I�¯k�½��OK§5�½Û�üêÀ��
�§Û���êÀ�". ~X§��

ε1 = (‖D‖2 + |ρ|‖z‖2)u

5��Ø��§�|di − dj | < ε1 �§Ò@�di Údj ��¶

�|ξi| < ε1 �§Ò@�ξi �"
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¿1O�

e¡{��`²�eXÛòù��{A^u¿1O�. �
Qã
{üå�§b½´3o�?nì�¿1ÅþO���4N ��é
¡né�
T �Ì©). ��O�L§�©�XeoÚµ

(1) ©�µ

T =

[
T1 0
0 T2

]
+ ρvvT , T1 ∈ R2N×2N , v ∈ R4N

Ti =

[
Ti1 0
0 Ti2

]
+ρiwiw

T
i , Tij ∈ RN×N , wi ∈ R2N , i = 1, 2

ùÚ=IO��êA�ê.

(2) òT11, T12, T21, T22 ©O©�·o�?nì§�¦ÙÌ©
)(~X�±^Ûªé¡QR �{¢y).
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(3) òT11 ÚT12 �Ì©)±9T21 ÚT22 �Ì©)©O�Ü¤T1
ÚT2 �Ì©). ù�Ú§du�ÜL§Ì�´¦/
XD + ρzzT �Ý
�A��ÚA��þ§
ù
A���
O�Ä�þ´�pÕá�§Ïd½�©��o�?nìÓ�
?1.

(4) òT1 ÚT2 �Ì©)�Ü¤T �Ì©). ù�Ú½�©��
o�?nìÓ�?1.

lþ¡�?Ø�±wÑ§©
£�{¿1��Ç´ép�. Ï
d§§·^u3¿1Åþ¦)�.é¡né�Ý
��ÜA��
ÚA��þ.
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8¹

1 ­�½n

2 é¡QR �{

3 Jacobi �{

4 �©{

5 ©
£�{

6 ÛÉ�©)�O�
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�é�z

éAuòATA né�z§ùp´òA �é�z§=O�ü��
�Ý
U ÚV§¦�

UTAV =

[
B
0

]
, B =


δ1 γ1

. . .
. . .
. . . γn−1

δn

 (6.1)

��©)ª (6.1) ®²¢y§KkV TATAV = BTB ´��é
¡né�
. ùÒ��u®²rATA né�z§�ÐéAuA
^é¡QR �{uATA þ�1�Ú. ���ùùùppp¿¿¿ØØØIII���òòòATA ýýý
���OOO���ÑÑÑ555.
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©)ª (6.1) �±/ÏHouseholder C�5¢y. Äk(½��n
�Householder C�P1§¦�

P T1 A =


× × × . . . ×
0 × × . . . ×
0 × × . . . ×
...

...
... . . .

...
0 × × . . . ×


,�(½��n− 1 �Householder C�H1§¦�

P T1 A

[
1 0
0 H1

]
=


× × 0 . . . 0
0 × × . . . ×
0 × × . . . ×
...

...
... . . .

...
0 × × . . . ×


XdUYe�§Ò�±ÏL�X�Householder C�rA z¤�
é�Ý
.
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Algorithm 3 (�é�z: Householder C�{)

for k = 1 : n

[v, β] = house(A(k : m, k))

uT = (βvT )A(k : m, k : n)

A(k : m, k : n) = A(k : m, k : n)− vuT

A(k + 1 : m, k) = v(2 : m− k + 1); b(k) = β

if k < n− 1

[v, β] = house(A(k, k + 1 : n)T )

u = A(k : m, k + 1 : n)(βv)

A(k : m, k + 1 : n) = A(k : m, k + 1 : n)− vuT

A(k, k + 2 : n) = v(2 : n− k)T ; c(k) = β

end

end

ù��{¤I$�þ�4mn2 − 4n3/3. XJI�È\U ÚV§K
�I�O\�$�þ©O�4m2n− 4n3/3 Ú4n3/3.
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SVD S�

A^é¡QR�{�1�ÚÒ´éé¡né�
T ≡ BTB?1�
 £�ÛªQR S�. ùp�Ø^²(/rT �ÑÒ�±�¤ù
�O�?Ö.

A^� £�é¡QRS�uT = BTB þ§Äk�À� £µ.
Ý
T �me��2 �Ý
�[

δ2n−1 + γ2n−2 δn−1γn−1
δn−1γn−1 δ2n + γ2n−1

]

�±À�TÝ
�ü�A��¥�Cδ2n + γ2n−1 �@��� 
£µ. �,ù�Ú·�½ØI�rT O�Ñ5=�?1.
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S��e�ÚÒ´(½��Givens C�G1 = G(1, 2, θ1)§=(
½s1 = sinθ1 Úc1 = cosθ1 §÷v[

c1 s1
−s1 c1

]T [
δ21 − µ
δ1γ1

]
=

[
∗
0

]
ùp(T − µI)e1 = (δ21 − µ, δ1γ1, 0, . . . , 0︸ ︷︷ ︸

n−r�

)T . w,§ù�Ú�ØI

�rT ²(�O�Ñ5.
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S�����ÚÒ´(½����Ý
Q§¦�

QT (GT1 TG1)Q

´é¡né�Ý
§�
Qe1 = e1

ù�Ú§�
;�T = BTB�O�§�IO���Ý
P
ÚQ§¦�P T (BG1)Q ´�é�
§�Qe1 = e1 =�. ù�Ú�
|^Givens C�5�¤§äN�zL§�±lXen = 4 �~f
¥²xµ
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�n = 4. 5¿§d�C = BG1 kXe/Gµ

C =


× × 0 0
+ × × 0
0 0 × ×
0 0 0 ×


Ïd§�e5���Ò´§k�C �¦��(1,2) ²¡�Givens
C�G2 = G(1, 2, θ) òÙ(2,1)  ����z�"§
ù�Ó�
�¬3(1,3)  �þÚ?���U��"�§=

C ← G2C =


× × + 0
0 × × 0
0 0 × ×
0 0 0 ×



76 / 86



­�½n é¡QR �{ Jacobi �{ �©{ ©
£�{ ÛÉ�©)�O�

,�éC m¦��Givens C�G3 = G(2, 3, θ3) òÙ(1,3)  ��
��z�"§Ó�3(3,2)  �þq¬Ú?���U��"�§
=

C ← CG3 =


× × 0 0
0 × × 0
0 + × ×
0 0 0 ×


aq/§éC �¦��Givens C�G4 = G(2, 3, θ4) òÙ(3,2)  
����z�"§Ó�3(2,4)  �þq¬Ú?���U��"
�§=

C ← G4C =


× × 0 0
0 × × +
0 0 × ×
0 0 0 ×


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2éC m¦��Givens C�G5 = G(3, 4, θ5) òÙ(2,4)  ���
�z�"§Ó�3(4,3)  �þq¬Ú?���U��"�§=

C ← CG5 =


× × 0 0
0 × × 0
0 0 × ×
0 0 + ×


��§éC �¦��Givens C�G6 = G(3, 4, θ6) òÙ(4,3)  �
���z�"§=k

C ← G6C =


× × 0 0
0 × × 0
0 0 × ×
0 0 0 ×


´�é�
.
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dc¡éé¡QRS��?Ø§æ^ÛªQR�{�cJ
´T = BBT 7L´Ø���(=T�gé��þØ�"). 
T �
gé���δjγj§ÏdT Ø���¿©7�^�´

δjγj 6= 0, j = 1, . . . , n− 1 (6.2)

�,�γj = 0 �§B äkXe/Gµ

B =

[
B1 0
0 B2

]
Ïd§d��±rB �ÛÉ�©)�O�¯K©)�ü�$�
�é�
B1 ÚB2 �ÛÉ�©)�O�¯K.
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�,�δj = 0 
γj 6= 0 �§�±ÏL·��Givens C�rB �
1j 1��ÑC¤"§
�±Ù�é�/ªØC. ù�L§�±
lXen = 5, j = 2 �~f¥²xµb½n = 5, j = 2. d�B k
Xe/G:

B =


× × 0 0 0
0 0 × 0 0
0 0 × × 0
0 0 0 × ×
0 0 0 0 ×


ÄkéB �¦��Givens C�G1 = G(2, 3, θ1) òÙ(2,3)  ��
��z�"§Ó�3(2,4)  �þq¬Ú?���U��"�§
=

B ← G1B =


× × 0 0 0
0 0 0 + 0
0 0 × × 0
0 0 0 × ×
0 0 0 0 ×


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2�¦��Givens C�G2 = G(2, 4, θ2) òÙ(2, 4) ����z
�"§Ó�3(2,5)  �þq¬Ú?���U��"�§=

B ← G2B =


× × 0 0 0
0 0 0 0 +
0 0 × × 0
0 0 0 × ×
0 0 0 0 ×


��§�¦��Givens C�G3 = G(2, 5, θ3) òÙ(2,5)  ���
�z�"§=k

B ← G3B =


× × 0 0 0
0 0 0 0 0
0 0 × × 0
0 0 0 × ×
0 0 0 0 ×


ù�Òq�±rB �ÛÉ�©)�O�¯K©)�ü�$��
�é�
�ÛÉ�©)�O�¯K.
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Algorithm 4 (� Wilkinson  £�SVD S�)

α = δ2n + γ2n−1; δ = (δ2n−1 + γ2n−2 − α)/2;β = δn−1γn−1

µ = α− β2/(δ + sign(δ)
√
δ2 + β2)

y = δ21 − µ; z = δ1γ1
for k = 1 : n− 1
(½c = cos θ Ús = sin θ§¦�

[ y z ]

[
c s
−s c

]
= [ γk−1 0 ]

Qc(k) = c;Qs(k) = s(P¹/¤Q �Givens C�)[
y γk
z δk+1

]
=

[
δk γk
0 δk+1

] [
c s
−s c

]
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Algorithm 5 (� Wilkinson  £�SVD S�: Y)

(½c = cos θ Ús = sin θ§¦�[
c s
−s c

]T [
y
z

]
=

[
δk
0

]
Pc(k) = c;Ps(k) = s(P¹/¤P �Givens C�)
if k < n− 1[

y z
δk+1 γk+1

]
=

[
c s
−s c

]T [
γk 0
δk+1 γk+1

]
else [

γk
δk+1

]
=

[
c s
−s c

]T [
γk
δk+1

]
end

end

ù��{I�30n goK$�Ú2n gm�$�. 83 / 86
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SVD �{

3¢S$�¥§�δj ½γj é��§Ò�±rB ©)�ü�$�
��é�
. Ï~¦^�OK´µ�

|δj | ≤ ε‖B‖∞ ½ |γj | ≤ ε(|δj |+ |δj+1|)

�§Òòδj ½γj À�"§Ù¥ε ´��Ñ�uÅì°Ý��ê.
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Algorithm 6 (SVD �{)

(1) Ñ\A ∈ Rm×n§m ≥ n
(2) �é�zµA^þã�{�A þ§�)�é�
B Ú�

�Ý
U ÚV§¦�UTAV =

[
B
0

]
(3) Âñ5�½µ
(i) r¤k÷v^�

|bi,i+1| ≤ (|bi,i|+ |bi+1,i+1|)ε

�bi,i+1 ��"§=bi,i+1 = 0
(ii) r¤k÷v^�

|bii| ≤ ‖B‖∞ε

�bii ��"§=bi,i = 0
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Algorithm 7 (SVD �{: Y)

(iii) (½����K�êp Ú����K�êq ¦�

B = diag(B11, B22, B33)

Ù¥B11 ∈ Rp×p§B33´q �é�
§
B22 �é���þ�
gé��þØ�".
(iv) XJq = n§KÑÑk'&E§(å¶ÄK?1e�Ú.
(4) SVD S�µ
(i) eB22 ké���"(����é��Ø	)§K|^c¡
¤0���{òÙéA1���þz�"§¿�ò�A�C
�Ý
Ñ\È�U þ§,�=Ú(2); ÄK§?1e�Ú.
(ii) A^þã�{�B22 þ§�)��Ý
P ÚQ ±9�é
�Ý
B22 = P TB22Q§¿�O�

U = Udiag(Ip, P, Iq+m−n), V = V diag(Ip, Q, Iq)

,�=Ú(3)
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