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¥:úª

∫ b

a
f (x) dx ≈ f (

a + b
2

)(b − a)

P1(xc) = f (xc), P′1(xc) = f ′(xc), Ù¥xc =
a + b

2
.∫ b

a
P1(x) dx = f (

a + b
2

)(b − a)∫ b

a
f (x) dx − f (

a + b
2

)(b − a) =
∫ b

a
(f (x) − P1(x)) dx∫ b

a

f ′′(ξx)
2!

(x − xc)2 dx =
f ′′(ξ1)

2

∫ b

a
(x − xc)2 dx

=
f ′′(ξ1)

6
(x − xc)3

|
b
a =

f ′′(ξ1)
24

(b − a)3, ξ1 ∈ (a, b)



F/úª

P1(x) =
x − b
a − b

f (a) +
x − a
b − a

f (b)

l
k ∫ b

a
f (x) dx ≈

∫ b

a
P1(x) dx =

f (a) + f (b)
2

(b − a)

∫ b

a
f (x) dx −

f (a) + f (b)
2

(b − a) = −
(b − a)3

12
f ′′(ξ2), ξ2 ∈ (a, b).



Simpsonúª

x0 = a, x1 =
a + b

2
, x2 = b

P2(x) =
(x − x1)(x − x2)

(x0 − x1)(x0 − x2)
f (a) +

(x − x0)(x − x2)
(x1 − x0)(x1 − x2)

f (
a + b

2
)

+
(x − x0)(x − x1)

(x2 − x0)(x2 − x0)
f (b)

l
k∫ b

a
f (x) dx ≈

∫ b

a
P2(x) dx =

b − a
6

[f (a) + 4f (
a + b

2
) + f (b)]



�ê°Ý

��¦Èúª ∫ b

a
f (x) dx ≈

n∑
j=0

Ajf (xj) (1)

Definition 1.1

�m´����ê,Xê�È©úª(1)�Ø�é

f (x) = 1, x, x2, · · · , xm

Ñ�",�éf (x) = xm+1Ø�",K¡ê�È©úª(1)��ê°
Ý�m�.



Newton-Cotes¦Èúª

x0 = a < x1 < · · · < xn = b, xk = a + kh, (k = 0, · · · ,n),

h = (b − a)/n, (x = a + th)

Pn(x) =
n∑

k=0

( n∏
j=0
j,k

x − xj

xk − xj

)
f (xk)

=

n∑
k=0

( n∏
j=0
j,k

t − j
k − j

)
f (xk) =

n∑
k=0

(−1)(n−k)

k!(n − k)!

n∏
j=0
j,k

(t − j)f (xk).

�n ≥ 8�,þª¥f (xk)c¡�Xêk�kK. Newton-Cotes¦È
úª∫ b

a
f (x) dx ≈

∫ b

a
Pn(x) dx =

b − a
n

n∑
k=0

( ∫ n

0

n∏
j=0
j,k

t − j
k − j

dt
)
f (xk).
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EÜ¦Èúª

�È©«m�Ýb− aØ��,·�N�'�O(/O�È©?
��g,��{´: r«m[a, b]¿©¤�
�«m,~XÚ?�
å©:.

xi = a + ih, h =
b − a

n
, i = 0, 1, · · · ,n.

¿P
xi+ 1

2
= a + (i + 1/2)h

�â½È©�5�,k∫ b

a
f (x) dx =

n−1∑
i=0

∫ xi+1

xi

f (x) dx

EÜ¥:úª ∫ b

a
f (x) dx ≈ h

n−1∑
i=0

f (xi+ 1
2
) ,M(h)



EÜ¦Èúª

EÜF/úª∫ b

a
f (x) dx ≈

h
2

n−1∑
i=0

[f (xi) + f (xi+1)] , T(h)

EÜSimpsonúª∫ b

a
f (x) dx ≈

h
6

n−1∑
i=0

[f (xi) + 4f (xi+ 1
2
) + f (xi+1)] , S(h).

∣∣∣ ∫ b

a
f (x) dx −M(h)

∣∣∣ ≤ h2

24
M2(b − a)

∣∣∣ ∫ b

a
f (x) dx − T(h)

∣∣∣ ≤ h2

12
M2(b − a)

∣∣∣ ∫ b

a
f (x) dx − S(h)

∣∣∣ ≤ h4

2880
M4(b − a)

Ù¥M2 = max |f ′′|, M4 = max |f (4)
|.



EÜ¦Èúª

Example 2.1

^EÜF/úªÚEÜSimpsonúªO�
∫ 1

0 ex dx�Cq�,�¦
��k5 k�êi,¯: hA�õ�?

))): w,|f ′′(x)| = ex
≤ e, x ∈ [0, 1].éEÜF/¦Èúª,���

1
12

eh2
≤ 0.5 × 10−4, =h ≤

1
68

;

éEÜSimpsonúª,���

h4e
2880

≤ 0.5 × 10−4, h ≤
1
3



EÜ¦Èúª

þã�äØ��O��Å,
�éõ�ÿ�êØÐ�O.∫ b

a
f (x) dx − T(h) = −

b − a
12

h2f ′′(ξ1)

∫ b

a
f (x) dx − T(

h
2

) = −
b − a

12

(h
2

)2
f ′′(ξ2).

b�f ′′(ξ1) = f ′′(ξ2),òþ¡üª�~�

T( h
2 ) − T(h)

3
= −

b − a
12

(h
2

)2
f ′′(ξ1),

ù� ∫ b

a
f (x) dx − T(

h
2

) =
1
3

[T(
h
2

) − T(h)]



EÜ¦Èúª

ùÒ´`,·��±^

|T(h/2) − T(h)|

5�äT( h
2 )´Ä��°Ý�¦,O�L§Xe:

(1) ��½�°Ý�¦�ε. �Ð©Ú�h = b − a;
(2) O�T(h);
(3) �h = h/2,O�T(h/2);
(4) XJ|T(h/2) − T(h)| < ε,K�T(h/2)�È©�Cq�,ÄK
�h = h/2,2=�(2).



EÜF/úª�ê�­½5

EEEÜÜÜFFF///úúúªªª���êêê���­­­½½½555:
�¼ê�f (x0), f (x1), · · · , f (xn)C¤f̂ (x0), f̂ (x1), · · · , f̂ (xn),

Pej = f̂ (xj) − f (xj),KEÜF/úª�O�Ø��

T̂(h) − T(h) =
h
2

(e0 + 2
n−1∑
j=1

ej + en)

e|ej| ≤ ε (j = 0, 1, · · · ,n),K

|T̂(h) − T(h)| ≤
h
2

(ε + 2(n − 1)ε + ε) = nhε = (b − a)ε.



Romberg¦È�{

Romberg¦È�{∫ b

a
f (x) dx = T1(h) +

∞∑
k=1

c(1)
2k h2k, c(1)

2k�~ê.

∫ b

a
f (x) dx = T2(h) +

∞∑
k=2

c(2)
2k h2k, c(2)

2k (k = 2, · · · )�~ê.

T2(h) =
T1(h/2) − 4−1T1(h)

1 − 4−1
.∫ b

a
f (x) dx = T3(h) +

∞∑
k=3

c(3)
2k h2k, c(3)

2k (k = 3, 4, · · · )�~ê.

T3(h) =
T2(h/2) − 4−2T2(h)

1 − 4−2 .



Romberg¦È�{

��/

Tk+1(h) =
Tk(h/2) − 4−kTk(h)

1 − 4−k
, k = 1, 2, · · ·

�k ∫ b

a
f (x) dx − Tk+1(h) = O(h2(k+1)), k = 1, 2, · · ·



O�L§µ

�m = 0, h = b − a,¦È©T1(b − a) = b−a
2 [f (a) + f (b)].

-1→ m(mP«m[a, b]��©gê).
¦EÜF/úªT1( b−a

2m )��,=

T1(
b − a
2m ) = T1(

b − a
2m−1

)/2 +
b − a
2m

2m−1
−1∑

i=0

f (xi+1/2),

Ù¥xi+1/2 = a + (i + 1/2) b−a
2m−1 .

¦\��§=^e¡�úªO�

Tk+1(
b − a
2`−1

) =
Tk( b−a

2` ) − 4−kTk( b−a
2`−1 )

1 − 4−k
, k = 1, 2, · · ·
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Gauss¦Èúª

�Ä ∫ b

a
ρ(x)f (x) dx ≈

n∑
k=1

Akf (xk)

Ù¥ρ(x) > 0�®���¼ê, Ak(k = 1, 2, · · · ,n)�~ê.
±ρ(x) ≡ 1�~,�±����¹2n���þ, 2n��§��

§|.

n∑
k=1

Akxj
k =

1
j + 1

(bj+1
− aj+1), j = 0, 1, · · · , 2n − 1

�«m[a, b] = [−1, 1],ù´Ï�kCþO�úª∫ b

a
f (x) dx =

b − a
2

∫ 1

−1
f (

a + b
2
+

b − a
2

t) dt.



Gauss¦Èúª

�n = 1�,
∫ 1
−1 f (x) dx = A1f (x1)¥,-f (x) = 1Úf (x) = x,�

A1 = 2, x1 = 0

ù´¥:úª,§éf (x) = x2ØO(¤á,�Ù�ê°Ý�1�.
n = 2�,3�ª

∫ 1
−1 f (x) dx = A1f (x1) + A2f (x2)¥,

-f (x) = 1, x, x2, x3,��§|
A1 + A2 = 2
A1x1 + A2x2 = 0
A1x2

1 + A2x2
2 =

2
3

A1x3
1 + A2x3

2 = 0

=⇒ A1 = A2 = 1, x1 = −
1
√

3
, x2 =

1
√

3

N´�yd¦Èúªéf (x) = x4ØO(¤á,�§��ê°Ý
�3.



Gauss¦Èúª

f (x) =
n∑

j=1

f (xj)lj(x) +
f (n)(ξ)

n!

n∏
j=1

(x − xj)

u´∫ b

a
ρ(x)f (x) dx =

∫ b

a
ρ(x)

n∑
j=1

f (xj)lj(x) +
∫ b

a
ρ(x)

f (n)(ξ)
n!

n∏
j=1

(x − xj) dx

=

n∑
j=1

f (xj)
∫ b

a
ρ(x)lj(x) dx +

∫ b

a
ρ(x)

f (n)(ξ)
n!

n∏
j=1

(x − xj) dx

Ù¥

lj(x) =
∏
j,i

x − xi

xj − xi

Aj =

∫ b

a
ρ(x)lj(x) dx, j = 1, 2, · · · ,n



Gauss¦Èúª
Ï�«m[a, b]þ�ng����õ�ª7kn�¢":,�ù


¢":�!:xj,KØ
���~ê	, ωn(x)Ò´����õ
�ª. qÏ�P(x) ∈ Pn−1,¤±7k∫ b

a
ρ(x)P(x)ωn(x) dx = 0.

�f (x)��gêØ�L2n − 1�õ�ª�§�3gêØ�
Ln − 1�õ�ªq(x)ÚQ(x),¦�

f (x) = q(x)ωn(x) +Q(x).

u´k ∫ b

a
ρ(x)f (x) dx =

∫ b

a
ρ(x)Q(x) dx

=

n∑
k=1

AkQ(xk) =
n∑

k=1

Akf (xk)



Gauss¦Èúª

¤±,���xj(j = 1, 2, · · · ,n)�[a, b]þng����õ�ª
�":,¦ÈúªÒé¤k2n − 1gõ�ªO(¤á,Ó��

f (x) =
[ n∏

j=1

(x − xj)
]2
∈ P2n

KúªØO(¤á. ù�y²¦Èúª��ê°Ý�2n − 1�.
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\�ÂñEâ�Romberg¦È�{

b�·��^���Ú�hk'�þQ1(h)�Cq���hÃ
'�þQ. 
�®��äØ��ì?Ðmª�

Q −Q1(h) = c1hp1 + c2hp2 + c3hp3 + · · · + ckhpk + · · ·

Ù¥ck, pk�~ê,�0 < p1 < p2 < · · · ,d�Q1%CQ��äØ�
þ?�O(hp1).

òÚ� ���,=�h = h/2,Kk

Q −Q1(h/2) = c1(h/2)p1 + c2(h/2)p2 + · · · + ck(h/2)pk + · · ·

= 2−p1c1hp1 + 2−p2c2hp2 + · · ·(
Q −Q1(h)

)
− 2p1

(
Q −Q1(h/2)

)
= c2hp2 + c3hp3 + · · · + ckhpk − 2p1−p2c2hp2 − · · · − 2p1−pkckhpk − · · ·



\�ÂñEâ�Romberg¦È�{

(1−2p1)Q+2p1Q1(h/2)−Q1(h) = c2(1−2p1−p2)hp2+· · ·+ck(1−2p1−pk)hpk+· · · .

ü>ÓØ±(1 − 2p1)�

Q+
2p1Q1(h/2) −Q1(h)

1 − 2p1
= c2

1 − 2p1−p2

1 − 2p1
hp2+· · ·+ck

1 − 2p1−pk

1 − 2p1
hpk+· · ·

ù�

Q −
Q1(h/2) − 2−p1Q1(h)

1 − 2−p1
= c∗2hp2 + · · · + c∗khpk + · · ·

Ù¥~êc∗k�

c∗k =
ck(2−pk − 2−p1)

1 − 2−p1
, k = 2, 3, · · ·



\�ÂñEâ�Romberg¦È�{

XJP

Q2(h) =
Q1(h/2) − 2−p1Q1(h)

1 − 2−p1

K
Q −Q2(h) = c∗2hp2 + · · · + c∗khpk + · · ·

Richardson	í
\�ÂñEâ

⇐

Q2(h)%CQ��äØ��þ?´O(hp2),
Ón§��Qk(h)%CQ��äØ�þ?�O(hpk).

òRichardson	í\�ÂñEâ^uEÜF/¦Èúª,Ò
�±��Romberg¦È�{. �d,·�Äk�kEÜF/úª
�äØ��ì?Ðmª.



\�ÂñEâ�Romberg¦È�{

Definition 4.1

Bernoulliõ�ªBn(x):B0(x) = 1

B′n(x) = Bn−1(x)�
∫ 1

0 Bn(x) dx = 0, n ∈N.

Ù¥bn = n!Bn(0) (n = 0, 1, · · · )¡�Bernoulliê.

B′1(x) = B0(x),
dB1(x)

dx
= 1, B1(x) = x + c

d
∫ 1

0 B1(x) dx = 0�B1(x) = x − 1
2 ,

dB2(x)
dx

= x −
1
2
, B2(x) =

x2

2
−

1
2

x +
1
12

Bn(0) = Bn(1), n = 2, 3, · · · ,



\�ÂñEâ�Romberg¦È�{

Theorem 4.2

Bernoulliõ�ªkXeé¡5:

Bn(x) = (−1)nBn(1 − x), x ∈ R, n = 0, 1, 2, · · · .

Proof.

^8B{. �n = 0�,w,¤á. b�én�,¤á,ü>È©,�

Bn+1(x) = (−1)n+1Bn+1(1 − x) + βn+1

ùpβn+1�,�½~ê. d
∫ 1

0 Bn+1(x) dx = 0,�βn+1 = 0. �(Ø
¤á. �



\�ÂñEâ�Romberg¦È�{

dþã½n,�

B2m+1(0) = −B2m+1(1), =k
B2m+1(0) = B2m+1(1) = 0 m ≥ 1�

Definition 4.3

B̃n(x) : R→ R�Rþ�±Ïòÿ:

B̃n(x) = Bn(x), �x ∈ [0, 1], �B̃n(x + 1) = B̃n(x), x ∈ R



Euler-Maclaurinúª

Theorem 4.4

(Euler-Maclaurinúª)�f ∈ Cm[a, b] (m = 3, 4, · · · ),

Th(f ) =
h
2

n−1∑
k=0

[f (xk) + f (xk+1)],

K

∫ b

a
f (x) dx =Th(f ) −

[
m
2

]∑
j=1

b2jh2j

(2j)!
[f (2j−1)(b) − f (2j−1)(a)]

+ (−1)mhm
∫ b

a
B̃m(

x − a
h

)f (m)(x) dx.

ùp
[

m
2

]
��u½�um

2����ê, b2j = (2j)!B2j(0)
�Bernoulliê.



Euler-Maclaurinúª
Proof:
é∀g(x) ∈ Cm[0, 1],d©ÜÈ©9Bn(0) = Bn(1) (n = 2, 3, · · · )�∫ 1

0
B1(z)g′(z) dz =

m∑
j=2

(−1)jBj(0)[g(j−1)(1) − g(j−1)(0)]

− (−1)m
∫ 1

0
Bm(z)g(m)(z) dz.

B1(z) = B′2(z) = B′′3 (z) = · · · = B(m−1)
m (z).

ù�∫ 1

0
B1(z)g′(z)dz = g′(z)B2(z)

∣∣∣1
0 −

∫ 1

0
B2(z)g′′(z) dz

= B2(0)(g′(1) − g′(0)) − B3(z)g′′(z)
∣∣∣1
0 +

∫ 1

0
B3(z)g(3)(z) dz

=

m∑
j=2

(−1)jBj(0)[g(j−1)(1) − g(j−1)(0)] − (−1)m
∫ 1

0
Bm(z)g(m)(z) dz.



Euler-Maclaurinúª

Ó�dB1(x) = x − 1
2 ,k∫ 1

0
B1(z)g′(z) dx =

1
2

[g(1) + g(0)] −
∫ 1

0
g(z) dz

|^B2m+1(0) = 0 (m = 1, 2, · · · )�∫ 1

0
g(z) dz =

1
2

[g(0) + g(1)] −
∫ 1

0
B1(z)g′(z) dz

=
1
2

[g(0) + g(1)] −

[
m
2

]∑
j=1

b2j

(2j)!
[g(2j−1)(1) − g(2j−1)(0)]

+ (−1)m
∫ 1

0
Bm(z)g(m)(z) dz



Euler-Maclaurinúª

e¡-x = xk + hz, g(z) = f (xk + hz)�

∫ xk+1

xk

f (x) dx =
h
2

[f (xk) + f (xk+1)] −

[
m
2

]∑
j=1

b2jh2j

(2j)!
[f (2j−1)(xk+1) − f (2j−1)(xk)]

+ (−1)mhm
∫ xk+1

xk

Bm(
x − xk

h
)f (m)(x) dx.

üàék = 0, 1, · · · ,n − 1¦Ú,|^B̃m(x)�½Â=�
�Euler-Maclaurinúª. y²(å"
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��

1. y² ∫ b

a
f (x) dx −

b − a
6

[f (a) + 4f (
a + b

2
) + f (b)]

= −
(b − a)5

2880
f (4)(ξ3), ξ3 ∈ (a, b).

2. Newton-Cotes¦Èúª��äkn��ê°Ý,XJn�ó
ê,Käkn + 1��ê°Ý.

3. ®�È© ∫ 1

0

4
1 + x2 dx = π

¦^Xe�ê�È©5O�π�Cq�.EÜF/úª,E
ÜSimpsonúª, RombergÈ©,EÜGaussúª(n=2�/).
�±ÀJØÓ�h,éz«¦Èúª,òØ��x¤h�¼ê,
'���{�°Ý.



4. ®� ∫ b

a
ρ(x)φi(x)φj(x) dx = δij =

1 i = j
0 i , j

y²jg����õ�ªφj(x)kj�ØÓ�":.

5. y²Gauss-LegendreÈ©úª¥���u",=

Ai =

∫ 1

−1
li(x) dx > 0

Ù¥

li(x) =
∏
j,i

x − xj

xi − xj

x1, x2, · · · , xn´Legendreõ�ªLn(x)�":.



6. �ySimpsonúª∫ b

a
f (x)dx =

b − a
6
|f (a) + 4f (

a + b
2

) + f (b)|

äkn�°Ý"



���
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