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��5�§|ê�){

A^êÆ¥éõ¯K�±8(�:éu�½���5¼
êf : Rn

→ Rn,
¦x∗ ∈ Rn, ¦�f (x∗) = 0.

�n = 1�,ùÒ´ü�Cþ��5�§¦)¯K;�n > 1�,ù
Ò´��5�§|�¦)¯K.

Definition 1.1

�S�{xk}±x∗�4�.Pek = xk − x∗,XJ�3�êrÚ�K
~êC,¦�

lim
k→∞

‖ek+1‖

‖ek‖
r = C,

K¡S�{xk}Âñ�x∗�Âñ�Ý´r��. ~��/
(1) r = 1,d�¡���Âñ½�5Âñ. w,,d�7
k0 < C < 1.

(2) r > 1½r = 1,C = 0,d�¡���5Âñ.
(3) r = 2,d�¡���Âñ.



��5�§|ê�){

�Äõ�ª

P4(x) = x4
− 4x3 + 6x2

− 4x + 1

dP4(x) = (x − 1)4,´�1´��":(4­). XJ^ü°ÝO
�,3«m[0.975, 1.035]Sm�0.001�:,¬uy3éõ/�¬
CÒ,Xeã¤«§d0�½nATkNõCq":.
[0.981, 1.026]�m��Ñ�±w¤´ý)�Cq. �)ù�¯K
��Ï,��¡´�{�¯K,��¡´°Ý���k�\Ø�.
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�©{

�f (x) ∈ C[a, b],�f (a)f (b) < 0,d0�½nK7kx∗ ∈ (a, b),
¦�f (x∗) = 0.

-a0 = a, b0 = b, c0 = a0 + (b0 − a0)/2,ef (a0)f (c0) = 0,
Kx∗ = c0 =�¤¦;ef (a0)f (c0) > 0,K-a1 = c0, b1 = b0;
ef (a0)f (c0) < 0,Ka1 = a0, b1 = c0. ù����«m(a1, b1)¹k�
�§��,�«m�Ý´�5���.

Xd?1e�,b��1n − 1Ú,
-cn−1 = an−1 + (bn−1 − an−1)/2,ef (an−1)f (cn−1) = 0,Kx∗ = cn−1=
�¤¦;ef (an−1)f (cn−1) > 0,K-an = cn−1, bn = bn−1;
ef (an−1)f (cn−1) < 0,Kan = an−1, bn = cn−1. 2Xd?1e�. ù
����S�cn(k = 0, 1, 2, · · · )�4�x∗´��§��.



�©{

���©©©{{{

Ñ\a, b,n, δ, ε
fa = f (a)

fb = f (b)

e = b − a
XJsign(fa) = sign(fb), KÊ�

ék = 0�n,?1e¡ö�

e = e/2
c = a + e
fc = f (c)

XJ|e| < δ½ö|fc| < ε, KÊ�
XJsign(fc) , sign(fa),K

b = c
fb = fc
Ø,a = c; fa = fc
(å



�©{

3þ¡�{¥kn�S�Ê�OK,��´����S�Ú
ên,,	ü�´Ø�é�½ö¼ê�é�,^δÚε��.e¡ü
�ã´k�UÙ¥��Ê�OK÷v,,	��Ø÷v.



�©{Ø�©Û

ØØØ���©©©ÛÛÛ:
�â�©{��{,S�«m�[a0, b0], [a1, b1], · · · . k

a0 ≤ a1 ≤ a2 ≤ · · · ≤ b0

b0 ≥ b1 ≥ b2 ≥ · · · ≥ a0

bn+1 − an+1 =
1
2

(bn − an) (n ≥ 0)

Ïd{an}, {bn}Âñ,k

bn − an = 2−n(b0 − a0)
lim
n→∞

bn − lim
n→∞

an = 0

é0 ≥ f (an)f (bn)�4�,k0 ≥ [f (x∗)]2��f (x∗) = 0.



�©{Ø�©Û

�1nÚ�©{Ê��,�Ð�%C´«m[an, bn]�¥:.
-cn = (bn + an)/2,Ø�k

|x∗ − cn| ≤
bn − an

2
= 2−(n+1)(b0 − a0)

�©{´�5Âñ�

lim
n→∞

|en+1|

|en|
=

1
2
.

nþ���Xe½n.

Theorem 2.1

�[a0, b0], [a1, b1], · · · , [an, bn], · · ·´�©{�S�«m,
K lim

n→∞
an Ú lim

n→∞
bn�3���,´f ���":. X

Jx∗ = lim
n→∞

cn�cn = (bn + an)/2§K

|x∗ − cn| ≤ 2−(n+1)(b0 − a0)



�©{Ø�©Û

Example 2.2

��©{�m©«m´[50,63],I�õ�S�ÚU¦��é
Ø�´10−12

|x∗ − cn|

|x∗|
≤ 10−12

��r ≥ 50,Âñ�¿©^�´

|x∗ − cn|

50
≤ 10−12

dþ¡½n,Âñ�¿©^�´

2−(n+1)
× 13

50
≤ 10−12

Ïd,I�n ≥ 37.



NewtonS�{

�f (x)3Ù":x∗NC¿©1w, xk, xk+1Ñ3x∗NC.
dTaylorÐmúª

f (x∗) = f (xk) + f ′(xk)(x∗ − xk) +
1
2

f ′′(ξk)(x∗ − xk)2

(ξk0uxk�x∗�m),�|x∗ − xk|é��,�Ñmà����p��
þ,l
k

f (xk) + f ′(xk)(x∗ − xk) ≈ 0.

ù�·�kx∗ ≈ xk −
f (xk)
f ′(xk) ,=�±�ES�S�

xk+1 = xk −
f (xk)
f ′(xk)

, k = 0, 1, 2, · · · .



NewtonS�{

NewtonSSS���{{{

Ñ\x0,n, ε, τ
y = f (x0)
XJ|y| < τ, KÊ�
ék = 1�n,?1e¡ö�

x1 = x0 − y/f ′(x0)
y = f (x1)
XJ|x1 − x0| < ε½|y| < τ, KÊ�
(å



Newton{�AÛ)º

Newton{{{���AAAÛÛÛ)))ººº

f (x) = f (c) + f ′(c)(x − c) +
1
2

f ′′(c)(x − c)2 + · · · .

3c:éf�5zk

l(x) = f (c) + f ′(c)(x − c)

Kl´f3c?���,�fkÓ��¼ê�Ú�Ç, Newton{´±�
��":��e�ÚCq":,ë�ã3.3. d	,Ð©:À��
ØÐk�U��NewtonS�{�},ë�ã3.4. ¤±Newton{
ÂñI�Ð©:x0¦�U�C":½öf �/G'�Ð.
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Newton{Ø�©Û

ØØØ���©©©ÛÛÛ:
�

en = xn − x∗

b�f ′′ëY, x∗´f�ü­":,Kf (x∗) = 0 , f ′(x∗). �
âNewtonS�,k

en+1 = xn+1 − x∗ = xn −
f (xn)
f ′(xn)

− x∗ = en −
f (xn)
f ′(xn)

=
enf ′(xn) − f (xn)

f ′(xn)
=

enf ′(xn) − (f (xn) − f (x∗))
f ′(xn)



Newton{Ø�©Û

dTaylor½n,k

f (xn) − f (x∗) = f ′(xn)(xn − x∗) −
1
2

e2
nf ′′(ξn)

en+1 =
1
2

f ′′(ξn)
f ′(xn)

e2
n ≈

f ′′(x∗)
f ′(x∗)

e2
n = Ce2

n (1)

Ïd, NewtonS�{´��Âñ�. 'uÂñ5�î�y²
�ë�5David Kincaid ., Ward Cheney, Numerical Analysis:
Mathematics of Scientific Computing, Third Edition,Å�ó�Ñ
��6.



Newton{Ø�©Û

b�r´ü­":,-∆ : |x − x∗| ≤ δ,½Âc(δ)�6uδ

c(δ) :=
1
2

max
x∈∆
|f ′′(x)|/min

x∈∆
|f ′(x)| (δ > 0) (2)

Ï��δ→ 0, c(δ)→ |12 f ′′(x∗)/f ′(x∗)|,�δc(δ)→ 0. ÀJδ¦
�(2)¥�©1�u",�δc(δ) < 1. �½δ,-ρ = δc(δ). b�Ð
�x0 ∈ ∆,K|e0| ≤ δÚ|ξ0 − x∗| ≤ δ. Ïdk

1
2
|f ′′(ξ0)/f ′(x0)| ≤ c(δ).

Ïd(1)L²

|x1 − x∗| = |e1| ≤ e2
0c(δ) ≤ |e0|δc(δ) = ρ|e0|

< |e0| ≤ δ.



Newton{Ø�©Û

Ïdéue��S�:kx1 ∈ ∆,­EþãL§

|e1| ≤ ρ|e0|, |e2| ≤ ρ|e1| ≤ ρ
2
|e0|, · · ·

Ï

xn ∈ ∆, |en| ≤ ρ

n
|e0|.

Ï�0 ≤ ρ < 1,·�k lim
n→∞

ρn = 0,� lim
n→∞

en = 0. nþ��e

¡�½n.

Theorem 2.3

�f3Ù":x∗NC��ëY��, x∗´ü­":,K�3x∗�
��∆ : |x − x∗| ≤ δ,Ké?¿áu∆�Ð�, NewtonS�{�)
�S�{xk}ÑÂñ,
�Âñ�Ý´���.



��{

�
;�3NewtonS�{¥zÚS�Ñ�O��¼ê��,
^��üÚ�¼ê���û5%C�ê�,=

f ′(xn) ≈
f (xn) − f (xn−1)

xn − xn−1

l
S���{

xn+1 = xn −
xn − xn−1

f (xn) − f (xn−1)
f (xn), n = 1, 2, · · · .



��{

������{{{

Ñ\a, b,n, ε, τ
fa = f (a); fb = f (b)
ék = 2�n,?1e¡ö�
XJ|fa| > |fb|,Ka↔ b; fa↔ fb
s = (b − a)/(fb − fa)
b = a
fb = fa
a = a − fa · s
XJ|b − a| < ε½|fa| < τ, KÊ�
(å



��{Ø�©Û

3§S¥k���à:a, b,��y|f (a)| < |f (b)|,l
é
:xn, xn−1k|f (xn)| ≤ |f (xn−1)|,�e5é
:xn+1, xnk|f (xn+1)| ≤ |f (xn)|. ù�(�:�l1��m©´4~
�,¤±ê�­½.
ØØØ���©©©ÛÛÛ:
e¡�Ñ��Øî��Âñ5©Û,î��y²�ë�5ê

�©Û-Ü²©!oc�,�®�ÆÑ��6



��{Ø�©Û

en+1 = xn+1 − x∗ =
f (xn)xn−1 − f (xn−1)xn

f (xn) − f (xn−1)
− x∗

=
f (xn)en−1 − f (xn−1)en

f (xn) − f (xn−1)

=
xn − xn−1

f (xn) − f (xn−1)

[ f (xn)/en − f (xn−1)/en−1

xn − xn−1

]
enen−1

dTaylorÐm,k

f (xn) = f (x∗ + en) = f (x∗) + enf ′(x∗) +
1
2

e2
nf ′′(x∗) + O(e3

n)

f (xn−1) = f (x∗) + en−1f ′(x∗) +
1
2

e2
n−1f ′′(x∗) + O(e3

n−1)

Ï�xn − xn−1 = en − en−1,�

f (xn)/en − f (xn−1)/en−1

xn − xn−1
≈

1
2

f ′′(x∗)



��{Ø�©Û

xn − xn−1

f (xn) − f (xn−1)
≈

1
f ′(x∗)

Ïd

en+1 ≈
f ′′(x∗)
f ′(x∗)

enen−1 = Cenen−1

e�|en+1| ∼ A|en|
α,K

|en| ∼ A|en−1|
α Ú|en−1| ∼ (A−1

|en|)1/α

A|en|
α
∼ |C||en|(A−1

|en|)1/α

�±�¤
A1+1/α

|C|−1
∼ |en|

1−α+1/α



��{Ø�©Û

�en → 1�,þª�>´�"~ê,Ïd1 − α + 1/α = 0,
=α = (1 +

√
5)/2 ≈ 1.62. Ïd��{´��5Âñ�.

�NewtonS�{�',��{Ø^O��¼ê��,O�þü$;
ÙÂñ�Ý'NewtonS�{�ú.



ØÄ:S�{

r�§f (x) = 0�¤�d/ªx = F(x),u´¯K=z�

¦x∗,¦�x∗ = F(x∗).

¡�¼êF(x)�ØÄ:¯K, x∗¡�¼êF(x)�ØÄ:.
�
%CØÄ:¯K,·��±æ^XeS�{:�½Ð�x0

xk+1 = F(xk), k = 0, 1, 2, · · · .
(3)

ù«S�{¡�ØÄ:S�{, x0�Ð�,ëY¼êF(x)¡�S�
¼ê.



ØÄ:S�{

Definition 2.4

�C ⊂ R,��N�(½¼ê)F : C→ C¡�Ø N�,XJ�
3λ < 1,¦�

|F(x) − F(y)| ≤ λ|x − y|

é?¿x, y ∈ Cþ¤á.

Theorem 2.5

�C´Rþ�4«m, F : C→ C´Ø N�,KF3Cþ�3���
ØÄ:. �∀x0 ∈ C,�§(3)�)�S�{xk}ÑÂñuØÄ:.



ØÄ:S�{

Proof: dØ N��5�

|xk − xk−1| = |F(xk−1) − F(xk−2)| ≤ λ|xk−1 − xk−2|

­EþãL§k

|xk − xk−1| ≤ λ|xk−1 − xk−2| ≤ λ
2
|xk−2 − xk−3| ≤ · · · ≤ λ

k−1
|x1 − x0|

Ïd

|xn+k − xn| ≤

k∑
m=1

|xn+m − xn+m−1| ≤ λ
n 1 − λk

1 − λ
|x1 − x0|



ØÄ:S�{

w,{xn}´Cauchy�,Ï�C´48,Ïd{xn}3C¥k4�.
Px∗ = lim

k→∞
xk. KF(x∗) = x∗(5¿�,Ø N�`²¼ê´ëY�).

éu��5,�x, y´ØÄ:,K

|x − y| = |F(x) − F(y)| ≤ λ|x − y|

duλ < 1,Ïd|x − y| = 0,ØÄ:��.y²�..



ØÄ:S�{

Theorem 2.6

�x∗´F(x)�ØÄ:. XJF(x)3x∗�,���¥´ëY��
�,
�|F′(x∗)| < 1,K�½�3δ > 0,��Ð�x0 ÷
v|x0 − x∗| < δ,ØÄ:S�S�{xk}ÒÂñux∗.

Proof.

dF′(x)ëY�5���,�3x∗���∆ : |x − x∗| ≤ δ,¦
�∀x ∈ ∆,k|F′(x)| ≤ λ < 1,u´

|F(x) − x∗| = |F(x) − F(x∗)| ≤ λ|x − x∗| ≤ |x − x∗| ≤ δ,

=F(x)�±w¤´∆þ�Ø N�. Ïdd½n2.5��,é?¿Ð
�x0 ∈ ∆ØÄ:S�Âñ,½n�y. �



ØÄ:Âñ�Ý

ØØØÄÄÄ:::ÂÂÂñññ���ÝÝÝ:
��3�êq,¦�

F(k)(x∗) = 0, 1 ≤ k < q, F(q)(x∗) , 0.

en+1 = xn+1 − x∗ = F(xn) − F(x∗) = F(x∗ + en) − F(x∗)

= enF′(x∗) +
1
2

e2
nF′′(x∗) + · · · +

1
(q − 1)!

eq−1
n F(q−1)(x∗) +

1
q!

eq
nF(q)(ξn)



ØÄ:Âñ�Ý

Ïd

en+1 =
1
q!

eq
nF(q)(ξn)

Ï� lim
n→∞

ξn = x∗,Ïd

lim
n→∞

|en+1|

|en|
q =

1
q!
|F(q)(x∗)|.

ØÄ:S���´q�Âñ�.
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��5�§|�S�){

�ÄXeüCþ��§|f1(x1, x2) = 0
f2(x1, x2) = 0

b�(x(0)
1 , x

(0)
2 )lý)Ø�,O���(h1, h2)¦

�(x(1)
1 , x

(1)
2 ) = (x(0)

1 , x
(0)
2 ) + (h1, h2)0 = f1(x(0)

1 + h1, x
(0)
2 + h2) ≈ f1(x(0)

1 , x
(0)
2 ) + (h1

∂f1
∂x1

+ h2
∂f1
∂x2

)(x(0)
1 , x

(0)
2 )

0 = f2(x(0)
1 + h1, x

(0)
2 + h2) ≈ f2(x(0)

1 , x
(0)
2 ) + (h1

∂f2
∂x1

+ h2
∂f2
∂x2

)(x(0)
1 , x

(0)
2 )



��5�§|�S�){

J
[
h1
h2

]
=

 ∂f1
∂x1

∂f1
∂x2

∂f2
∂x1

∂f2
∂x2

 [h1
h2

]
= −

f1(x(0)
1 , x

(0)
2 )

f2(x(0)
1 , x

(0)
2 )


� [

h1
h2

]
= −J−1

f1(x(0)
1 , x

(0)
2 )

f2(x(0)
1 , x

(0)
2 )


Ïd, NewtonS�{Xex(k+1)

1
x(k+1)

2

 =

x(k)
1

x(k)
2

 + h(k)
1

h(k)
2





��5�§|�S�){

éun���5�§|

fi(x1, · · · , xn) = 0, 1 ≤ i ≤ n

-X = (x1, · · · , xn)T, F = (f1, · · · , fn)T,

F(X) = 0

aq/k
0 = F(X + H) ≈ F(X) + F′(X)H

Ù¥H = (h1, · · · , hn)T, F′(X)´JacobiÝ


F′(X) =


∂f1
∂x1

· · ·
∂f1
∂xn

...
...

∂fn
∂x1

· · ·
∂fn
∂xn





��5�§|�S�){

XJF′(X)�_,k
H = −F′(X)F(X)

õCþ�NewtonS��ª

F′(X(k))H(k) = −F(X(k))

X(k+1) = X(k) + H(k)
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Continuation method

�E¼ê

h(t, x) = tf (x) + (1 − t)[f (x) − f (x0)] t ∈ [0, 1]

�½t,��h(t, x)�":x(t).

h(t, x(t)) = 0⇒ ht + hxx′(t) = 0⇒ x′(t) = −
ht

hx

��XeCauchyÐ�¯Kx′(t) = −h−1
x ht

x(0) = x0



Continuation method

Example 4.1

f (x) =

[
ξ2

1 − 3ξ2
2 + 3

ξ1ξ2 + 6

]
x = (ξ1, ξ2) ∈ R2

hx = f ′(x) =

[
2ξ1 −6ξ2
ξ2 ξ1

]
, ht = f (x0)

h−1
x =

1
∆

[
ξ1 6ξ2
−ξ2 2ξ1

]
∆ = 2ξ2

1 + 6ξ2
2
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��

1 �f¿©1w,®���­êk,=

f (x) = f ′(x) = · · · = f (k−1)(x) = 0

f (k)(x) , 0

y²

xn+1 = xn −
kf (xn)
f ′(xn)

, f ′(xn) , 0

��äk��ÛÜÂñ5.
2 y²(SteffenS�)

xn+1 = xn −
f (xn)
g(xn)

äk��Âñ5. Ù¥

g(x) =
f (x + f (x)) − f (x)

f (x)
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