Stochastic Gradient Methods for Large-scale
Machine Learning

Zaiwen Wen

http://bicmr.pku.edu.cn/~wenzw/bigdata2023.html

Thanks Yongfeng Li and Zhanwang Deng for preparing part of this slides
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Why Optimization in Machine Learning?

Many problems in ML can be written as

N

. 1 T 2 . .
min Z§||xi9—yi\|%+u||9||2 linear regression

=

N

1 - - .

min E] log(1 + exp(—yx; 0)) + |05 logistic regression
i

N
i L(h(0,x;), v 0 eneral formulation
min ; (h(6,x:), 1) + pe(6) g
@ The pairs (x;,y;) are given data, y; is the label of the data point x;
@ /(-): measures how model fit for data points (avoids under-fitting)
@ ©(0): regularization term (avoids over-fitting)

@ h(6,x): linear function or models constructed from deep neural
networks
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Sparse Logistic Regression

The logistic regression problem:

min
fER

@ The data pair {x;,y;} € R" x {—1,1},i € [N],

N

1

5 D log(1 -+ exp(—yixf0) + p 0]3.
i=1

Data Set | #dataN  #featuresn sparsity(%)
cina 16,033 132 70.49
ad%a 32,561 123 88.72

ijcnn1 49,990 22 40.91
covtype 581,012 54 77.88
url 2,396,130 3,231,961 99.99
susy 5,000,000 18 1.18
higgs 11,000,000 28 7.89

news20 19,996 1,355,191 99.97
rcvi 20,242 47,236 99.84
kdda 8,407,752 20,216,830 99.99
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Deep Learning

The objective function is the CrossEntropy function plus
regularization term:

win LS~ e [_expk(0.x)[v) :
’ N; 8 (ZJGXPW@?%)M]))+MH0‘2

where h(0, x;) is output from network, and (x;, y;) are data points.

| Cifar-10  Cifar-100

# num_class 10 100
# number per class (training set) 5,000 500
# number per class (testing set) 1,000 100

# Total parametes of VGG-16 15,253,578 15,299,748
# Total parameters of ResNet-18 11,173,962 11,220,132

Table: A description of datasets used in the neural network experiments
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ResNet Architecture

@ Kaiming He, Xiangyu Zhang,
Shaoqing Ren, Jian Sun, Cited by
114474 since 2015 at Google
scholar

@ Stack residual blocks. Every residual Fo0x [
block has two 3x3 conv layers. @

@ Make networks from shallow to deep. [res x

identit
@ Fancy network architecture. Many y
Applications. X
@ High-computationally-cost ! e =
@ ResNet-50 on ImageNet, 29 hours
using 8 Tesla P100 GPUs
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B AR5 S AR

Dataset Tokens  Assumptions Tokensperbyte  Ratio  Size

LANGUAGE MODEL SIZES TO DEC/2

(billion) (Tokens / bytes) (GB)
Webdata  410B - 071 119 570

WebText2 198 25% > WebText  0.38 126 50

PaLM-Coder

M'"i"" Books1 128 Gutenberg 057 1175 21
Books2 558 Bibliotik 0.54 11.84 101
Wikipedia 3B See RoBERTa 0.26 138 114

& Li 5 Total 4998 753.4GB

Chart. Major Al language models 2018-2022, GPT-3 on the left in red. Table. GPT-3 Datasets. Disclosed in bold. Determined in italics.

ChatGPT (2022/12) 1 4 4~
o AAMARM . AL ITHEAL 10,000 GPUs #= 285,000 CPU #
2491012 £ T
o AR®M . BFA% Kllya Sutskever 1907 % 7T/F(2016F),
FMEPh.DEK: 120A, F—F AR AR L2{CE T
o B ER A 12-18 M DB R9-124 A
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Al For Science

TABLE IV
RESOURCE AND TIME COST COMPARE.

[mplementation ~ Framework  Training Process Hardward Step Time (s)  Training Time (days) Resource

Apfold  Jx g MRS e rpyyg ! 1l 33792 TPU hours
Fine-tuning /

Openfold  PyToch  MUAIRRng e aigg 8186 839 25774 GPU hours
Fine-tuning 20.657
Initial traini 256 x A100 2487

Fastfold  PyToh * 281 20738 GPU hours
Fine-tuning 512 x A100 4.153

. Jumper stal. Nature (2021)

Framework =~ MCMC Steps  Det weights Envelope GPU Hours  Energy (Ey)

TensorFlow [12] 10 Yes Full Covariance 11520 -155.9263(6)
JAX 50 No Full Covariance 1880 -155.9348(1)
JAX 50 No Isotropic 1104  -155.9348(1)

Table 2: Speed and accuracy comparison for different training runs of the FermiNet on bicyclobutane.
All runs were for 200,000 iterations, with the same number of determinants and hidden units as
in [12]. Number of GPU hours for TensorFlow assumes 30 days of training on 16 GPUs. Lower
energies are strictly better as FermiNet provides an upper bound to the exact energy.
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Outline

@ Problem Description
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@ XCXARKIE,; yec Y AKRE
QAT Z R, FHxEyRINENRFEG 2 i,

ii%%ﬁs {(xlayl)}tzl

© hy()HFIWIA, LH0H FRUERHLE. £

%0k 455 &
o I kMK

F 4R & HEC Ly, hg(x)) =
R LI B E A (y, ho(x)) = yT log(he(x)) =
#3447 R % % (Hinge loss): £(y, hg(x)) = max(0,1 —
35 $L48 k & # (Exponential loss): 4(y,

x4 4 %k % 4 (Logisticloss): £(y, hg(x)

% 604 ()

KL #% & (KL dlvergence)

(y, ho(x)) =

Z] 1 yilog hg(x;) —

lho (x) = 1>

he(x)) = exp(—h
) = log(1 + exp(—

C
> j—1Yilogy;.

s RPXARBAAGZE, YAIRE
ALBP (x,y) ~ .

HUN% S5

Z, 1Y log(hg(x )i+

ho(x)"y);

1t

X
—h

)
o(x

)
(x)Ty));
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AL AR A
o % X% (Expected risk):
min () = Ribo] <L B[00 ho()] (1)

o 4% A& (Empirical risk): 2(0) = £(yi, hy(x;)),
min f5(0) = Rslha] £ 5 5(0). @

¢ E ATXT(xy)®o#HRNZE:

(x,y)~m

E [Rshg]] = E
(xhyi)NW[ S[ HH (xi,yi)~7
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®E 5B

o kA LMt hy € H. RAAILEHELTH R AL MG BT
BAHCH, HdoHAES AKX . 2 BEN R TR 2 M %% 0%
6 2 FF L R A ST R AR AR Aehg BT 0 2
B, Brg c HERThy € H-

ho A////V
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% = 9
© O A ARSI X 89 RAL S A AR OB A g B

0* = argmin R[hyg], s.t. 0 € H. (3)
0

o 03, A AR E FH P 6 BB RS AR 5 6 AR S 3
xR B A hgs B

03, = argmin R[hy], s.t. 0 € H. (4)
0

o LOLH BT AL T AHHA LA AL RS EER RSB 5 6
RS H * B AR A hy B

0% = argminRs[hg], s.t. 6 € H. (5)
0
@ X0A (5) 89 EAAAE, 2 4GAR T Ay by, PP
0 ~ argmin Rs[hg|, S.t. 0 € H. (6)
0
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*® E T

o Ay EIFARR 5 RMAER I L ISR ESMA

Rlhg<] — Rlhg] = Rlho+] — R[hg;,] + R[hg;,] — Rlhgz] + Rlhgz] — Rlhg) .

@A E Z Ak £ RALIE 2
0 BFRELMETAHGRKIAA X
0 ZMRELMAPREZAAX. BEHFAT, HAFHK, R
il éﬁh@g ’%hg%ﬁ;fili .

o MAKREMDIARE)EH S BEMA XA, BB, 1}
I F gkt Edstnds R A RFF.
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Hoeffding Inequality

Let X1, X>, --- be a sequence of i.i.d. random variables and assume
that for all i, E(X;) = pand P(a < X; <b) = 1. Then forany ¢ > 0

1< 2ne?
P(‘ﬁ?‘"‘“ ) <200 (52 ) o

@ The Hoeffding Inequality describes the asymptotic property that
sampling mean convergences to expectation.

@ Azuma-Hoeffding inequality is a martingle version. Let X;, X5, - - -

be a martingale difference sequence with |X;| < B for all
i=1,2,... Then

" 272
- > < —
P(E X; > 1) <exp < nBZ>

i=1

P(i:X,» < 1) <exp (— 2 )

_ nB?
i=1
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1% £ A&t
BARAE Z R HA AR, 3R R BHEH RO < L(h(x), ) < 1,
Vxi,vi, h € H. MsF0 < 6 < 1,08 AE]L — 54

. In|H| 4+ 1n(3)
|R[h] — R[h]| < ——Eﬁ—i.

I RIER[A]E SLRE[R[A]] = R[h]> 1 ERT FAF XA
P(IR[h) — R[h]| > €) < 2¢~2N".
FT A T A R 8918 1% = R H, A

P (R~ Ri| = <)) < 2fpe >,

kb 2 (U (IR0~ RlH| > <)) < ORE RHAEIR

2[4 In [H] + In(6")
e () co (L)
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Z AR E AT

In[#] +In(3)
2N

RIn5) — Rli,) <2 .
TERA BT
R[IS] — RIh3) = R(h5) — R(hs) + R(hs) — R(k3,) + R(h3y) — R(H3,) .
)] (2) (3)

ST (1) KA (3) K LR Foup R[] — RIA)|, ¥h € M3t
FQ)X, RIBRIAMZ LEMNT A LEE, dTH.

R[h%] — R[] < 2sup |R[A] — R[A]|, VA € H.
BRBEFT— T T e KETAH T XA

In |[H| + In(3)
[R[hs] — R[hy]| <2 N
EHAERGEALT, B RHEARERBR D ERRE RBGE
Bhp MR %2 B LB REMET K.
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Z IR £

@ What if |H| = co? This bound doesn’t work

@ For a two label classification problem, with a probability 1 — §, we
have

0 n og(Ll
:gg\l?n{h] — R <0 (\/VC[H“ 8(yetm) +1 g&;))) .

n

where VC[#] is a VC dimension of H.

@ Finite VC dimension is sufficient and necessary condition of
empirical risk concentration for two label classification.

o 1tk B E Ak

17/83



Outline

e Stochastic Gradient Methods
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MR T & H ik
% B de T RAUIRAC LA

. 1
min ) =5

@ BRFE—Afi(x) B LE) . THE) . STAEBRAETIEILL
T = X — oy V().
@ ML LTI B AT A 9V (xK) R B K EA1AR e

V) = 3 Vi),
i=1

o AMMEFIPRENGHATE R, BRHAVIELEF
KT I R 1 4 A T ok RABALE 2 3 FLAL A R — AR
15 69k
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ke AUHE T % X % (SGD)
@ SGD& A Kk KA KX A
A=k — akask(xk), (11)
P RM{1,2,- - N} FEAF T 58330 B89 — A A
o Tk ENEF D FHWARA F ] £ (learning rate) -
o MMM E G KM BISITELE, B
Ey, [V ()X = VF ().

o ERMEHXE 1 HE (mini-batch) ML . MALkELEA
BRPOEST, C {1,2,--- N} KBEHITEREX

Gk Z st(xk)’

mSGIk
@ 4o Rfi(x) NI, T AE AR R I ik

=k — gk
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HE T Ik
0 AT HAMMAAME THRHIMEERBOEEN, RETHES A
(momentum) » EBA LA A k¥R —TAAE LEEIAE
Heyr e, BRIEAA St EOHERAERLOETR T G.
0 HEF EYEAKEREXLT

Vk+1 = :ukvk - akvak (xk)7 (1 2)
KA =y i (13)

T E S AT R AR BV, (K G . I de E—F B8 vk
M E R AF B AT 8 B AT ekl

oéwzoﬁWﬁ&ﬁ%ﬁ%MﬁFT%% BB 89 % A
Z[0,1), BFRy >05 EEXAEREFARRKTE, FX
%R%ﬁﬁ%ﬁkﬁﬁ%%&i& ONORE

o AEBMOMELTY, BV RARARIT SA LOWERET,
THRY R @EAEA T A EAZ L

o Y HSELHNMHEI MR T G, FRIARK, TNENR
TEEEET L.
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HE D &

BRI T AR kA sh &7 R RIL. T VAA Bl -G8 H B % £ 8 &5
SEME a6 Lk, M E 7 ik E R AT E RIS R
TR AME A

—o— BETHE - T T T T T T T -~ T~

Q1| —— smrn - R o]

Figure: #h8 7 i 4 M B4 Fhim A& A4 T8 2L
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Nesterovieig B ik

o MBS (x) A E )L H 4. 42 &P AL 69 Nesterovieig F ik %
= -
A =y — V()
o 4t iR 1F AR 69 Nesterovin i& B 7% i AR & B AUR A A
=k + (k= ), (14)
A= Y — gV, 64, (15)

;H;‘:]?uk = % *J&aki%"/\.i{ﬁ&?g‘[béiﬁ?ﬁfﬂi

o TlA ., Z o — R 34K RRAN &M E V()R A M
A VS, () -
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Nesterovinit £k 5 s 2 75 k69 8% 4

° %E%k?l&ﬁ%])\ﬁ T2k = xk — x=1, B4 /7 % Nesterov
ik B0 R AR T AL B

= b+ (oF = ) — VAR + (=X h).
@ T A Kyktlag ik R K
VI = i — oy VAGE + ),
o TRAH & Fabdorkth FHik ik

L = ok — ar Vs, (xk + ukvk),

= ok kL

° —-%‘éﬁii-i%'lﬁ#ﬁ% #1+ A £ . Nesterovimig H ik %3t & hm
HEGER, BRBE, TUAEBAGESH ST EMTRLE.
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AdaGrad
@ 4k =Vf, (), sladmE
k . .
— Zgl o gl.
i=1
Gy BEA D B RMEAGIERGERTF7H. SGHEN» TR

K, ZoE T kizp 2, Bk XA FEk, RITR.
o [ itAdaGrad®y ¥ K% X 4

k+1 _ _k « k

X=X —= 0 g", (16)
Gk + €1,

Gk+1 — Gk +gk+l ng+17 (17)

NEFRREZEGENQERE N T FRAFY
(TI’J) , aﬁmz’z‘%k I xnel, X—RAA T kA REHR

25/83



AdaGrad

o T rAA 5|AdaGrad®y ¥ k K BRI T 4% R THE G R F 7
e, BTAMR R AR K KT AR, RN THE, ZHFHY
BREZESZZREF RO T @ L, AERRBENGEHIZLK.

o & LRALIFIA F AdaGrad A LA HF 69 b M i . A2 SEER e A o
RILE DGR EAYE M AL DI 48 3AR RAR T 7 &
FEF KL FRL SR

o 4R AdaGrad ¥ 1& Al & £ #EVF(x*), A 2AdaGrad¥ =T A&
A —FPA T — Ao =B e ALk

© FBf(x) A& AxFAL 6y = R

£ % £ + VAT (=) + 5= ) TB (- ),

AdaGrad & 1# A — A~ 2t f 4B & Sk AF A B

1
Bf = aDiag(\/ Gk +¢1,)
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RMSProp

@ RMSProp (root mean square propagation) & xtAdaGradé)—
ANE#, % EAEGEA LT AN EL. AdaGrads Z
ﬁ%ﬁ%ﬁ&ﬁ%%ﬁ,ﬁﬁgﬁﬁ&%ﬁﬁﬁm%,ﬂmﬁm
BT REEF D, HHEGFHLEKRK

@ RMSProp#t & R F42 M & Z A A & i 690, B & 5] ARk
Hdip. BAkM, 4

B LA E 55 KR, 34533 7 & (root mean square)

R' = /M +£1,, (18)

BB T RGBEIBAEAFANA>ET KOG IE.
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RMSProp

@ RMSPropit RA& X A

L OT (19)
VMK +e1,
Mk+1 _ pMk + (1 _ p)gk+1 ng-l-]. (20)

NS RBRNT B> FA0NHFEALE. —MKp = 0.9,
a = 0.001-
@ T A& B|RMSProp #»AdaGrad #9°f — X 5| 2 4 GF 44 & T M* .
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Adam
o Adamit#F T —ANah 2N H#AT L 37
§ = iS4 (1= pr)g".
o X HWIRMSProp. Adam+4ig FHhE 69 = M4e .
M = oM+ (1 - pr)gf o 8"

o 55 E % 5ARMSProp#) R 5| %, W TSKFMARY & A 4
%, Adamit €3 A) e £ #ATHE

Lﬂpl k/\fl‘ /%&Tp],pzéﬁk/)\ﬁ
oAMmﬁ%&m@EF% MM4EFm — 4B 3 4T3 AX R 69 B 37 .
Wk gk . © Sk,

VMK + e,
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R F V| 2

o KL%

o MARA, MEBERHM

o BETHIE . W WG @itk
o Wit

o FK/%F A FFLLMK

o VAL MK, XLkt

o WA K, WERIF

o MBRME L ixeyEiA¥E
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Outline

Q Convergence Analysis
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AT SRS BMETRF X

FEMAE BT I1{X,}°°,
© JUF ol RS (B H L) P(limyyoo Xy = X) = 1

0 R B 2 THEFe > 0, limyoo P([ Xy — X| > €) =0
o Ry M X THANa PX,<a)— PX<a)

0 & KIEHE

o PUARIRE I

@ ZRTRAITHEX, MTRTFX

@ Hoeffding 7% X,

Azuma-Hoeffding 74 &,
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WSUE I B

>&

FAAUR Ak X = — oygk,  gF € Of, (5)
o HNf(x) MM &I, BAERWEDLLK, BE[gH] € of (xF)

@ MALRME 4% — AR, BHRAEM, STEZEYx ¢ RMA
AT Ars, > A

Es [lIg"°] < M? < 400,  g* € 0f;, (X");
o [FIRAA R, Bk —x*|| <R,VK. xR FI & R
5] 3

B ERBET, Ao RE—EFKF5], K2 dAUREE® >
Q7T MastHAGK > 1, A

ZakE[f ()] < SEll' — ") Za,%zw (21)
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5] 3% & 1.E B

o &gt =E[gfl], & =g — 5"
0 WAL E HHR .
g" = E[g"x] € of (x),
o WIRHE MR .
(g, x — ) <f() — £ ().
T A M 543
[ — |2
= [* — gt —x*|?
= I — x*|? + 2cu(gF xF — ) + gl g"|?
= [ = x| + 20 (85, x* — ) + || gFI1P + 200 (€F, x* — xF)
< = 2P 4 20 (F(xF) — F(5)) + agllgh|]* + 20 (€5, 1" — XF).
(22)
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o EFHEEH ] =0, AT
E[(¢¢,x* — )] = E[E[(€",x" — F)|u] = 0.

o x4 X (22)7 i K9 2 AT

OREIF ()~ (") < SB[~ SB[ = P S, (2

0 |

© Ml stk RKAwBPAFIE

35/83



A AR A i 6 AU

ZakEV ()] < SElle — ") Zaiw

BAVEE B 43 51 ALK A6 B I o4 46 MR 5 % T 6 MBI
FIL (REALR M B 7 6 S 1)

TSRS AT, AAx = El L XXk = ALK S agxks W]

R* + f ofM?
Elf (i) — f(x")] € ————. (24)
2]; o
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T 32 649 1E BA

@ W1f(x)4y A B 5] 3B A 4% 5

_ R+ > kM2
2

o T XM Fl M iAAg AT B

K
R*+ Y ogM?

Elf(tx) —(x")] < ——5——
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A AR A i 6 AU

o NTHEATLEASR, %

o0 K 2
Zak = 400, ZI;(ZI % —0
k=1 Zk:l Qg
B, REALIR AR B R AL
o M—AMEENF ko, TF X (24)&MA — M FIEK L R F L
H B F K R AR AR R R B BRI B & LT & T
6, EARAFEKE] — SRR
_ y R>  aM?
E[]C(XK) —f(x )] < Ka + S
B, TR REK BBREZY ka = ML\}E, ER2
EEO/VK) AR, B

Elf (k) —f(x")] <

B
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A AR AR i 6 B2

ESRTHGHAT, &OTT A5 BT & LT QR
%I (FEAUK AR B ok 0 AL D)

AR AERE AT, Ao R— AR EF K
K

5, xg =+ > ks M
k=1

Elf(xk) —f(x)] <

EZCWAF (25)

2KO[K
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T 32 649 1E BA

o *(28) XAk Flthay WA

BIf () ()] < 5Bl - () - LEWH — s+ o

o AatkfAe, I EAAL(x)8 &g o, h B R
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A AR AR i 6 B2

° EXHE BT 6P A Trg o & L -
o WIRIIMO(I/VE)HEF K, HATT AT 5] B Ax & b9 M8k
BAON)VE):

E&&ﬁﬁﬁ%%ﬁT,éwzjﬁ,w

Elf (xx) — £()] < ;’}‘; (26)

HEPxpt) @ LA E240 ] -
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32 8 8 TiE B

0 &
Ko K1
< | —dr=2VK.
S s, -
o Hoy = ﬁkﬂ() AT £
_ . R? \f
Elf(xx) —f(x")] < 2KMRf - 7

@ KA AR I AR AR Fe dE R LR AR B % B A AR R 690k
&k E—O0(1/Vk)-

@ MALKMWELEHEF O TARNZ N TEMIRBE, T—g4R
BLEBBETAM 2MAEEE — LR AP RN EZTFTIEMR
ME %
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A AR AR 7% 6 BB ES

T @ R AR K AR R & ST 0 IS A SR

I LR T OF R REAEF (k) —f(x)] = 0> BARNAR
WA NS (k) — F(x*) D0 (K = 00)» Bttt ehe >0, 4%

lim P(f(xk) —f(x*) > ¢) =0. (27)

K—o0

o WIRTRREX L /EH

P(f(rx) —F() > €) < LE[f(x) —£(")] 0.
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K AL T 5 6 S
o ﬂif‘ﬁﬁkZ—"Z’%f?"§'J{Xn};’l°:1)L'T")Z‘;7§4i§i§‘lX) %2 R
(i) -1
o i’IU‘iﬁ#IL‘?Ef%/?’§']{Xn}flozlf&7f%$4§;§i§ﬂx; 4 R
llm P(|X,—X|>¢)=0.

R 5B (MALK R L ok 0 LS 1E D)

BRSO ABR K T, #—FRE TR G g
A gl < M- AP AxEREEe >0,

f) = f(x) < ZKaK ZakM2+—s (28)

ARTFEFL—e " WBERL, EFF KA o) RERATHESF
7|, Xt L 2 PR AAE

= = = =T w483




o Ykl

5T 3L

B{X, 2, 5{Z,}2, A (Q, F,P) Léy g2 . 4o Rvn e N
Q E[X,] < +oo,

Q X, &BTZ,... 2,7 oK,

Q E[X,11|Z1,...,Z,] =0-

M AR X, } 22 %7%%’-{2 }Ojléﬁﬁkz‘% 5. H5%,

#={Z,}° 1_{X} s MAR{X, 0 A #RETF T

@ BREJFINB Fho . R{Z,}00 AR ERMFA, {X,}0 &
XAX, =2y —Zpn1 (FARENZy=0) -

o m— R EMAF A, X, A1/200BF A1, A1 209 &
A—1. BRE[|X,|] =1 < 4o0;

@ X, WZ, |RZ,ZERT, RETZ, ..., Z,ER80-K¥;

0 IR EMIFEAGER, X0 =Zip1 —ZREZTZy,..., 2,
BT AAR[Xs 11215 - -, Zn) = E[Xus1] = 0.
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Azuma-Hoeffding 7~ 3 &

T @ % # Azuma-Hoeffding 7 ¥ X, Bp #ik & 89 Hoeffding + < X :

B{X, o ABREFF, BVne Ny, [X,| <B- MV:>0;

P(Eﬂjx >t> < ( 2t2>
i2t) <expl| -7 );
=i nB

- 212

i=1
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T 32 64 ik B
o gt = E[gix], ¢k = g* — 3¢ W (22) X ey S it A2 K41 € 2135
* 1 * (12 1 1 * (12
FOR) —f(x*) < E!\x"fx I* - EHW — x|
+ Sl + (e — ).
| f(x) 89 btk 5 o, 89 £REAR
1 K
FEK) —f() < < Zf(xk) -
< ZKa Zakug I+ Z@k,x* — )

k 1

< 2KaK ZakMz + = Z gk * _
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@ %7k =(x', %, Xt BA
E[HZ1 = B[P = 0, EpNZHT) =X,

EAV o ¢k x* — KV E—ANBREF T
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@ Flifd
1642 = lIg* — &l < 2M
E 1
[(€F =) < 18l = A2 < 2MR

BP (&, x* — xi) A T
@ & Azuma-Hoeffding 7 3 X 4% 3|
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A AR AR 7% 6 BB ES

© JoRAay = o Ao = e A

. .. _3RM RM\/2In1/s
P<f(XK)_f(X)§2\/E 5

) >1—4. (30)
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Ay = W =17 = o — Vi () — x|
= [l = |17 = 200 (Vfy (), & — x*) + i | Vs ()1
= A} = 204 (Vfy, (&), & = %) + g || Vs, ()2,
o B AHMENKMRENX] = EEX|Y]]> &
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=K 55, 50 1[ k[ stk( ) —X*HS[, T ’Skfl]]
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o W MALRE — M4y —BUR

E

81985257 Sk

(A7 ] < (1= 20ap)Es, g, 5 [AF] + * M. (32)

o xk#ash, AT E

M2
By 50,5 [BF 1] < (1= 20)F AT+ [1 = (1 = 2ap)" ) —— o
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2 K 2 M2
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E¥p> ﬁ,v >0, #4iFa; < ﬁ Azt FIEZGLE> 1, AH
N L L v
]E[f(xk) —fx )] < EE[A%] < Ema (34)

I
ic]

2M2

V= max{zgﬂ_l,(fy—l— 1)A%}.
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Table: 4% F % 89 ok 5 &%

FO(RBREFZR) | fTMR | FT#58 & L RF
R AUHE % 0(%) O (1) O (1)
EX 0 (%) O (%) O(NIn(z))
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Outline

e Variance Reduction
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Ay = [ =2 = | = aVF () — x|
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E[AZ 1] = B[ — x*[13] = E[|lx* — aVf, (&%) — x*[|

E[A}] — 20E[(Vfy, (x*), 6" — x*)] + oE[|| Vfy, (<) [|]
E[A}] — 20E[(Vf ("), ¥ — x*)] + o*E[||Vf;, (") |17]
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A B

IAI I

(36)
o TUABMMI LN LEEFRABRL, Wik LM E M LA
FE. CHFBT MAE IR RRAO(1 /)8R
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@ AWSHEFI AT, A KIS E & He—2.
O REZRAANSRANMOBELRTIKRS, MAFLRS S
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o MM AERTEIE S, FEBK, RLWIMREAO(/k)-
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B T @428 = Ak ﬁiéﬁﬁ-/}
e SAG (stochastic average gradient)

o SAGA
@ SVRG (stochastic variance reduced gradient)
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o {gh} 801 T 1 3 MR A O3, oAb 0 HAUHE K 41

o SAGJL %4 AL 69 M AUHS 5 6 4 P30 2 9 1 2 52
BEVE(h) SR A REAT, UM 0 30 2 A0 5 M 09 4R £
IS ET VN s



SAGAH# %

o SAGAH HeyE K7 XA

K =5 — (stk gSk Ly — Zg ) . (39)

o A (38) X TRAIL. SAGAK % %48 T VA, () — g1 AT @ 4
B1/N. T AGER R % RAL R 8 M 7 A & AR Sy B

E |VA(0H) g + 5 Zg || = Vo).

64/83



SAGA R 7% 69 I8t

SAGAJL % FLAE A Q- B M St A -
%32 (SAGAJL % 6 1L S k)

BB ORI AT REZY Kow = yramy-
LA = [|xF — x|, MIAHEZR G > 1A

risf < (1 ) (81 MDD

2(uN + L ! uN + L

-4

(40)

T RBLGHRKA RIS, LT ARa = L. A RMGIHLR.

65/83



SVRGH %

© 5SAGH ZASAGAK AT F, SVRGHZA I ANELE A 2
o) Tr B RN TT E

o ARBUARAMMWMETRT XY, BEIMRENRKELE -4
#ra, HE—REWHE, AIBHmRENRT. KX 2HE
R ASE AREB B F £ B Q.

0 AVEFNMEE R, MNEAMNTRITHAVLOEMHA

N
V) = 3 D VA,
i=1

B BEHERPAERFT oA R HH & .
V=V, (8 — (V@) - VFE)), (41)
Eds € {1,2,--- N} RIEA LI —MH K.
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o MiM1BIN#AT KA, ZEVF(x*) =
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st EXAEME—F, A
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E[[Vfi, (#71) = Vi 0)[?] < 2LE[f(F") — f(x")).
o R ATHE[| V|28 it -

E[[[V(1*) < 4L(E[f () = f()] + E[f(F1) = f(x")]).
o WE[| 28 ERRAMEAZ, |64, A
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Outline

© Natural Gradient Method
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o M TFHENN HEP,,(0), LRATBIEE LS .
F =Ep_ (9 [Viogp(x,y/0)Viogp(x,y6)'], (47)

H P VAR A

o H#EF X
Vlogp(x,y|0) = Vlogp(ylx,0) + Vlogg(x) = Vlogp(y|x, )
BT VAFIM 47T KL 5 5,
F = Eq, [Ep, (5) [V10gp(y]x,0)V 10gp(y1x,0)"]]

o &Lk Hlogp(ylx, 0) % F 08 8 B A Hyy g WA -

Ep,,0) Hiogpoixo)] = —F- (48)



B KR E 77 e
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o M TKLEEH R, KA

F-! 1
- \@i = lim — argmin f@+a). (50)
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0 B BAITEIEEFT LA
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Algorithm 1 & A& %

1 BARRES 454500 k=0.

2: while & ik 2140 1 do

3 THHEAEV(0Y).

4 HEFAE LIEER (KA BL R A IELER,)-

50 THEAAMET @V (05) = F VF(0)(REF, V(D))
6

7

8:

FHHEROT! = 0F — u Vof (0%), EF A BT F &k
k=k+1.
end while
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W, aARITRIBERE R

si= Wiai—1, a; = ¢(si), (92)
EFic{l,-- 0}, ;A FiIBGEERZ WARELEE.

° iii‘%’éﬁﬂ%ﬁﬁf"&
A6 = [vec(WN)T vec(WNHT ... vec(W)T].
g0 = %5 - (@)

i 8€ Yaj) D) /=(i—
DWW .= GE/V(’)) = g @ =T, (53)

A3t A DY = vec(DWNT vec(DW)T, ... vec(DW)T]T,
0 WL B Az B4EE 9 R XA .

F = E[DODO"] = [F,;].
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Kronecker product

@ A ® B denotes the Kronecker product between A and B:
[Al1iB -+ [AlLaB
ARB= : - :
[A]mJB T [A]m,nB
@ vec(w') =v@u.

@ (A®B)'=A""eB .
@ (B" ®A)vec(X) = vec(AXB)
@ vec(GA") = (A; ® G;) vec(I).

@ (A®B)(C®D) = (AC)® (BD) for any A, B, C, D with correct sizes.
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